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1.1 CONCEPT OF MECHANICS AND APPLIED
MECHANICS

Mechanics is that branch of science which deals with the behaviour
of a body when the body is at rest or in motion. The mechanics may be
divided into Statics and  Dynamics. The branch of science, which deals with
the study of a body when the bod vy is at rest, is known as Statics while the
branch of science which deals with the study of a body when the body is in
motion, is known as Dynamics. Dynamics is further divided into kinematics
and kinetics. The study of a body in motion, when the forces whic h cause
the motion are not considered, is called kinematics and if the forces are also
considered for the body in motion, that branch of science is called kinetics.
The classification of Applied Mechanics are shown in Fig. 1.1 below.

APPLIED MECHANICS

’ ’

1. Static 2. Dynamics
(body is at rest) (body is in motion)
i —
(i) kinematics o (1) ki_nematics _
(body is in motion. The forces which (body is in motion.  Forces which
cause motion, are not considered) cause motion, are  considered)
Fig. 1.1
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Applied Mechanics

Applied mechanics deals with the application of principles and laws
of mechanics to the practical engineering problems

Actually m echanics is a science which is based on a systematic
understanding and gathering of the fact s, laws and princip les governing
natural phenomenon.  Applied mechanics is an art of utilisation of the
established facts, laws and principles to create certain desired
phenomenon, .

Note. Static s deals with equilibrium of bodies at rest, whereas dynamics
deals with the motio n of bodies and the forces that cause them.

1.2 IMPORTANCE AND NECESSITY OF APPLIE
MECHANICS

These days, th e young engineers should have sound knowledge of
fundamental  subjects such as mechanics. They must have sound
understanding of the fundamental principles that applyand b e familiar with
various general methods of solution of engineering problems rather than
proficient in the use of any one. The study of applied mechanics makes the
young engineers to build a strong foundation, to acquaint them with as
many general methods of solution as possible a nd to illustrate the
application of these methods to practical engineering problems.

Applied mechanics deals with the application of principles and laws
of mechanics to the practical engineering problems.

1.3 BRANCHES OF MECHANICS

The mechanics is the branch of science which de als with the physical
state of rest or motion of bodies under the action of forces. Depending upon
the nature of the  body involved, the mechanics can be divided into:

) Mechanics of rigid bodies (known as Applied Mechanics)

(i)  Mechanics of deformable bodies (kn  own as Mechanics of solids or
strength of materials)

(i) Mechanics of fluids.

BRANCHES OF MECHANICS

|
v v '

Applied Mechanics Mechanics Mechanics of Flui ds
(Mechanics of Rigid bodies) of Solids

Fig. 1.1 (a) shows the branches of mechanics

Self-Instructional Material




Applied Mechanics

1.4 CONCEPT OF RIGID BODY

Rigid bodies are those bodies which do not deform under the action
of applied forces. The distance between any two points remains constant,
when body is subjected to external forces.

Under the action of loads or external forces the physical bodies
deform, although  slightly . But in many situation this deformation is

negligibly small to affect the results. So, the assumption of a rigid body shall
mean that the body does not deform or the distances between any two points
of the body does not change under the action of applied forces. Applied

mechanics is the mechanics of rigid body.

1.5 DEFINITIONS OF TERMS USED IN MECHA

1.5.1. Vector Quantity. A quantity which is completely specifie d by
magnitude and direction, is known as a vector quantity . Some examples of
vector quantities are:  velocity, acceleration, force and momentum. A vector
guantity is represented by means of a straight line with an arrow as shown
in Fig. 1.2. The length of  the straight line (i.e., AB) represents the magnitude

and arrow represents the direction of the vector. The symbol 0 B also
represents this vector, which means it is acting from A to B.
A . B
Fig. 1. 2 Vector Quantity
1.5.2. Scalar Quantity. A quantity, which is completely spec ified by

magnitude only, is known as a scalar quantity. Some examples of scalar
guantity are : mase,length, time and temperature.

1.5.3. A Patrticle. A particle is a body of infinitely small volume (or a
particle is a body of negligible dimensions) and the mass of the particle is
considered to be concentrated at a point. Hence a particle is assumed to a
point and the mass of the particle is concentrated at this point.

1.5.4. Law of Parallelogram of Forces. The law of parallelogram of
forces is used to determ ine the resultant* of two forces acting at a point in
a plane. | t twe tfoecése acting at lafpoint be represented in
magnitude and direction by the two adjacent sides of a parallelogram, then
their resultant is represented in magnitude and directi on by the diagonal of
the parallelogram passing through that point."

Let two forces P and Q act ata point O as shown in Fig. 1.3. The force
P is represented in magnitude and direction by OA whereas the force Q is
presented in magnitude and direction by OB. Let the angle between the two
forces be ' a'. The resultant of these two forces will be obtained in magnitude
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and direction by the diagonal (passing through O) of the parallelogram of
which OA and OB are two adjacent sides. Hence draw the parallelogram
with OA and O B as adjacent sides as shown in Fig. 1.4. The resultant R is
represented by OC in magnitude and direction

o [PEEE—— Lo

i 4

Fig.1. 3 Fig. 1. 4

Magnitude of Resultant (R)
From C draw CD perpendicularto OA produced.
Let | = Angle between two forces P and Q =" AOB
Now " DAC =" AOB (Corresponding angles)
In parallelogram OACB, AC is parallel and equalto  OB.
¢ AC =Q
In triangle ACD
AD = AC cos | = Q cos |
and CD =AC sin | =Q sin |
In triangle OCD
OC2 = 0D2 + DC2

But OC=R,0OD =0OA+AD =P+ Qcos J
and DC =Q sin J.
C R=(P+Qcos | )2+(Qsin | )2

=P2 +Q2cos?| 2PQcos | + Q?sin?|
= P2+ Q2 (cos2| +sin2| ) 2PQ cos |

=P2 + Q2 + 2PQ cos | (C  cos?| +sin2| =1)

C R= 0 1 COAT O é(1.1)

Equation (1.1 ) gives the magnitude of resultant force R.
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Direction of Resultant
Let [ = Angle made by resultant with OA.
Then from triangle OCD

tan [ = — =

C [=tanl — 6(1.2)

Equation (1.2) gives the direction of resultant (R).

The magnitude of resultant can also
be obtained by using since rule [In triangle
OAC, OA =P, AC=Q, OC =R, angle OAC
= (180 & ), angle ACO=180 -[f +180 o
'1=( 6J)

- - Fig. 1.4(a)

Two cases are important.
1st case. If the two forces P and Q act at right angles, then
| =90J

From Equation (1.1) we get the magnitude of resultant as

R= 0 1 COAT © 0 1 COATwT
= 0 1 (CATw=0) é(1.2A)

From equation (1.2), the direction of resultant is obtained as
¢ | =tan-1
=tan'l! ——— =tan-1— (COEwn=1land ATw1=0)

2nd case. The two forces P and Q are equal and are acting at an angle
| between them. Then the magnitude and direction of resultant is given as

R= 0 1 CAAT D= 10 0 c0 0 ATD
(CP=Q)

=0 CcULATIO= ¢cO p Al
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= ¢0 cAD C1+ ATl Al O
= 10 c¢A, O 2Pcos -
and [ =tan -1 = tan -1 (CP=Q)
=tan -1 =tan -1

LooL
= tan 1 ———= (COET=2 OE-AT-D
C
L
=tan-1—f=tan'? OA4 =-
C

6(1.4)

It is not necessary that one of two forces, should be along x-axis. The
forces P and Q may be in any direction as shown in Fig. 1.5. If the angle
between the two forces is' a', then their resultant will be given by equation
(1.1). The direction of the resultant would be obtained from equation (1.2).
But angle will be the angle made by resultant with the direction of P

0 Fig.1. 5

1.5.5. Law of Triangle of Forces. tst at es
at a point be represented in magnitude and direction by the
a triangle, taken in order, they will be in equilibrium."”

1.5.6. Lami's
are in equilibrium are show

tthrea forces acting
three sides of

Theor em. | t
nin Fig.16

states that,

Let | = Angle between force P and Q
I = Angle between force Q and R

r = Angle between force R and P.

Then
] sine 7.

according to [ aimioftasglebdinveenQeamd RP
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—>
P
Fig.1. 6
C —— = constant
Similarly, —— = constant and —— = constant

or = =

Proof of Lumi's Theorem.

‘The three forc es acting on a point,

are in

equilib rium and hence they can be represented by the three sides of the

triangle taken in the
Fig. 1. 6 (a).

same order . Now draw the force triangle as shown in

Fig. 1. 6 (a)

Now applying sine rule, we get

This can also be written

This is name equation (1.5)
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Note. All the three forces should be acting either towards the point or away
from the point.

1.6 SYHM OF UNITS USED IN MECHANICS

The following system of units are mostly used:

1. C.G.S. (i.e., Centimetre -Gram -Second) system of units.
2. MK.S. (i.e., Metre -Kilogram -Second) system of units.
3. S.I (i.e., International) system of units.

1.6.1. C.G.S. System of Units. In this system, length is expressed in
centime mtre mass in gram and time in second. The unit of force in this
system in dyne. Which is define as the force acting on a mass of one gr am

and producing an acceleration of one centimetre per second square.

1.6.2. M.K.S. System of Units. In this system, length is expressed
in metr e, mass in kilogram and time in second. The unit of force in this
system is expressed as kilogram force andisr epresented as kgf.

1.6.3. S.I. System of Units. S.1. is abbreviation for The System
International  Units'. It is also called the International System of Units. In
this system length is  expressed in metre mass in kilogram and time in
second. The unit of forc e in this system is Newton and is represented N.
Newton is the force acting on a mass of one kilogram and producing an
acceleration of one metre per second square. The relation between newton
(N) and dyne is obtained as

One Newton = One kilogram mass  x

=1000 gm x (C one kg = 1000 gm)
=1000 x 100 = ——
= 105 dyne {Cdyne = ——}

When the magnitude of forces is very large, then the unit of force like
kilo -newton and mega -newton is used. Kilo -newton is represented by kN.

One kilo -newton = 10 3 newton
or 1kN=10 3N
and One mega newton = 10 % Newton

The large quantities are represented by kilo, mega, giga and terra.
They stand for:
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Kilo = 10 3 and represented by ...... k
Mega = 10 ¢ and represented by
Giga = 10° and represented by ....... G
Tera = 10 12 and represented by ........ T

Thus mega newton means 106 newton and is represented by MN.
Similarly, giga newton means 10 ° N and is represented by GN. The symbol
TN stands for 10 12 N. The small quantities are rep  resented by milli, micro,
nano and pico. They are  equal to

Milli = 10 -3 and represented by ....... m

Micro = 10 -6 and represented by ....... t
Nano = 10 -9 and represented by ........ n
Pico = 10 -12 and represented by ........ p.

Thus milli newton means 10 -3 newton and is represented by mN.
Micro newton means 10 -6 N and is represented by {N.

Weight of a body is the force with which the body is attracted towards
earth. If W = weight of a body, m = mass in kg, then W= m x g Newtons

If mass, m of the body is 1 kg, then its weight will be,
W =1 (kg) x 9.81—=9.81N. (CN=kg —

Problem 1.1. Two forces of magnitude 10 N and 8 N are acting at a
point. If the angle between the two forces is 60°, determine the magnitud e
of the resultant force.

Sol. Given:
Force P=10N
Force Q=8N

Angle between the two forces, a = 60°

The magnitude of the resultant force (R) is given by equation (1.1)

R= 0 1 COAT|O=R=WMpwt 4 ¢ pmn ¢ ATemJ

= pm QT G pTM Y - (Gcos@m ™ -)

Mpm @1 Ym=W T = 15.62 N. Ans.
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Problem 1.2. Two equal forces are acting at a point with an angle of

60° between them. If the resultant force is equal to 20 x WMo N, find
magnitude of each force.

Sol. Given : Angle between the force, | =60°
Resultant, R =20 x Vo
The forces are equal. Let P is the magnitude of each force.

Using equation (1.3), we have

R = 2P cos — or 20 x V1o = 2P x cos 2= 2P cos 30°
=2px X - px o (Qcoson"%)
) "
P = —— 20 N.
G o 0

C Magnitude of each force = 20 N. Ans.

Problem 1.3. The resultant of the two forces, when they act at an
angle of 60° is 14 N. If the same forces are acting at right ang les, their

resultantis Vip o . Determine the magnitude of the two forces.
Sol. Given: Case |

Resultant, Ri =14 N

Angle, | =60°

Case I

Resultant, Rz = Vp o .

Angle, | =60°

Let the magnitude of the two forces are P and Q.

Using equation (1.1) f or case I.

R= 0 1 CO0ATD

or 14= 0 1 ¢c0” Alem3a O 1 ¢0 " -
or 14= 0 1 01
Squaring 196 =0 1 01 (1)

Using equation [1.2 (A)] for class I,

R= 0 1 or Mpoow O 1
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or 136=0 1 (Squaring both sides) e (ii)
Subtracting equation (ii) from equation (i), we get

196 3136=0 1 +PQ3(0 1)

600 = PQ e (iii)
or Multiplying the above equa tion by two, we get 120 = 2 PQ e (i v)
Adding equation (iv) to equation (ii), we get 136 + 120 = 0 1 +2PQ
or 256 = 0 1 +2PQ or por=0 1
or 16=P+Q
¢ P=(16 6Q) e(v)

Substituting the value of P in equation (iii), we get
60=(16 -Q)xQ=16Q -1 orl -16Q+60=0

C This is a quadratic equation.

C Q: = =
= — and —— =10 and 6.

Substituting the value of  Q in equation ( v), we get
P=(16 - 10) or (16 - 6) =6 or 10.
C Hence the two forces are 10 N and 6 N. Ans.

Problem 1.4. The resultant of two concurrent forces is 1500 N and
the angle between the forces is 90°. The resultant makes an angle of 36°
with one of the force. Find  the magnitude of each force.

Sol. Given:

Resultant, R = 1500 N

Angle between the forces, | =90°

Angle made by resultant with one force, ] =36°

Let P and Q are two forces

Using equation (1.2),tan [ =

or tan 36° = = =—0r0.726 = —

Q=0.726 P é (i)
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Using equation (1.1), R= 0 1 COAID
or R2=0 1 ¢QAild
or 15002 =0 ™C(0 oM ¢go Alwmnd
(CQ =0.726P)
or 15002 = 0 ™&Cel 1 (CATwnI0)
=1.527 0
C P= ——=——=121386N

Substituting the va lue of P in equation (i), we get

Q=0.726 x 1213.86 = 881.26 N. Ans,
Alternate Method. Refer to Fig. 1.7. Consider triangle OAC.

Using sine rule, we get

J J J
J J
or =
or Q= Jﬂwhere R = 1500 N)
8
= —— = 881.67 N. Ans.
Also, we have 1 )
. J 8
C P = =

= 1213.52 N. Ans.

B C

54°
Q Q
R

o o

6 = 36° 90[—‘

»-
0 P A
Fig. 1. 7
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Problem 1.5. The sum of two concurrent forces P and Q is 270 N and
their resultant is 180 N. The angle between the force P and resultant R is
90°. Find the magnitude of e ach force and angle between them.

Sol. Given :
Sum of two concurrent forces = 270 N or P+Q=270N
Resultant, R =180 N
Angle between force P and resultant R =90°
This means = 90°
Find : (i) Magnitude of P and Q
(i) Angle between P and Q (i.e., angl e| )

Using equation (1.2), tan [ =

or tan 90° =
But tan 90° = @ (i.e., infinity). This is only possible when P + Q cos | =0
¢ P=-0Qcos| e (i)
The above result can also be obtained by using alternate method.

90°

Bl 4

Fig. 1. 8

Alternate Method. Refer to Fig. 1.8. Consider triangle OAC in which
J =90°,” OAC=180 98| ,” 00 | & =| 090°.

[l
[
<

Using sine rule, we get

[l
<

From first and last terms, we get

Self-Instructional Material




Applied Mechanics

[Csin(l 090)=sin[-(90 - J)]=-sin(90 - 4)=-cos {]
C P=-Qcos |

This is the same result as given by equation (i) above.

Using equation (1.1), R= 0 1 COAIlD
Squaring to both sides, we getR  2=10 1 ¢CO0ATlD
=0 1 ¢l O
(CFrom equation (i), Q cos | = -P)
=0 1 ¢c@8=1-0 =(Q+P)Q3P)

or 1802 =270 (Q & P) (CR=180,Q+ P =270)
or 32400 =270 (Q & P)

¢ Q8P =——=120

But P+Q=270 (given)

Addition the above two equation, we get 2Q = 270 + 120 = 390
C Q =195 N. Ans.
and P=270 0Q =270 6195= 75N. Ans.
Value of angle |
Substituting the value of P and Q in equation (i)

P=-QATD or 75=-195 Ai|D
or ATl O>=——=-0.3846

¢ | =AT © 0.3846) = 112.618 JAns.

Problem 1.6. A weight of 1000 N is supported by two chains as shown
in Fig. 1.9. Determine the tension in each chain.

Sol. Given: Weightat C = 1000 N
" CAB=30J
" CBA=60J
" ACB=90J
In right angled triangle ADC
" CAB=90J-30J=60J
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In right angled triangle BDC
Tt #$90J-60J=30J
C " ACE =180 J- 60J=120J
"M # %180J- 30J=150J
Let T1 = Tension in chain No. 1

T2 = Tension in chain No. 2.

Fig. 1. 9 Fig. 1. 10

Applying Lami s theorem at point C (Re

J J J

or 5 =1000 (COEwTI )
C T1 =1000 OEp v T&JIO00 x .5 = 500 N. Ans.
and T» =1000 OEp ¢ T&J000 x .866 = 866 N. Ans.

1.7 RESOLUTION OF A FORCE

Resolution of a force means "finding the components of a given force
in two g iven directions."

Let a given force be R which makes an angle | with X -axis as shown

in Fig. 1.10. Itis required to find the components of the force R along X -axis
and Y-axis.
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ph-—emm—————==30
d

R cos 0

Fig. 1. 10

Components of R along X -axis=Rcos |.
Components of RalongY -axis=Rsin |[.

Hence, the resolution of forces is the process of finding components of
forces in specified directions.

1.7.1. Resolution of a Number of Coplanar Forces. Let a number of
coplanar forces (forces acting in one plane are called coplanar forces) Ri1, Rz,
R3,6 € ar e acapoint@s shownin Fig. 1.11.

Let [ = Angle made by R 1 with X -axis
| = Angle made by R > with X -axis
| = Angle made by R 3 with X -axis
H = Resultant component of all  forces along X -axis
V = Resultant component of all ~ forces along Y -axis

R = Resultant of all forces

| = Angle made by resultant with X-axis.

Y
R, R,
,1 6,
6, 9,
0 X
Ry
Fig. 1. 11
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Each force can be resolved into two components, one along X -axis and
other along Y -axis.

Component of R 1 along X -axis =R 1 cos [
Component of R 1 along Y -axis=R 1 sin [

Similarly, the components of R > and R 3 along X -axis and Y -axis are
(Ricos[ ,Rzsin [ )and (Rssin [ , R3sin [ ) respectively.

Resultant components along X  -axis

= Sum of components of all forces along X  -axis.
C H=Ricos|] +R2cos|[ +Rscos[ +.. é(1.6)
Resultant component along Y -axis.

= Sum of components of all forces alongY  -axis.

C V=Risin[ +Rzsin| +Rssin[ +.. é(1.7)
Then resultant of all the forces, R = A( 6 e(1. 8)
The angle made by R with  X-axis is given by, tan [ =— e(1.9)

Problem 1.7. Two forces are acting at a point O as shown in Fig. 1.12.
Deter mine the resul tant in magnitude and direction.

Sol. The above problem has been solved earlier.
Hence it wi Il be solved by resolution of forces.
Force ¢ =50 N and force Q =100 N.

Let us first find the angles made by each force with X-axis.
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Angle made by P with x -axis = 15°
Angle made by Q with x -axis = 15 + 30 = 45°
Let H = Sum of components of all forces along X -axis.
V = Sum of components of all forces along Y  -axis.
The sum of components of all forces along X -axis is given by,
H =P cos 15° + Q cos 45°
=50 x cos 15° + 100 cos 45° =119 N
The sum of components of all ~ forces along Y -axis is given by,
V = P sin 15° + Q sin 45°
=50 sin 15° + 100 sin 45° = 83.64 N

The magnitude of the resultant force is given by equation (1.8),

R= W( 6 =WVp we Y@« =145.46 N. Ans.

The direction of the resultant force is given by equation (1.9), tan [ =
8
Here [ is the angle made by resultant R with X-axis.

Problem 1. 8. Three forces of magnitude 40 kN, 15 kN and 20 kN are
acting at a point O as shown in Fig. 1.13. The angles made by 40 KN, 15 kN
and 20 kN forces with ~ X-axis are 60°, 120 ° and 240° respectively. Determine
the magnitude and direction of the resultant force.

Sol. Given:

2 =40kN, | =60°
2 =15KkN, | =120°
2 =20KkN, | =240°

The sum of components  of all forces along X -axis is given by equation
(1.6) as

H=Ricos|] +Rzcos|[ +Rscos]/
=40 xcos 60 °+15xcos 120 °
+ 20 x cos 240 °

=40 x -+ 15x (--) + 20 x(--)

=20 67.5 610=25kN.
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YA

15 kN 40 kN

720.,

60°

240°

ot

20 kN
Fig. 1. 13

The resultant component along Y  -axis is given by equation (1.7) as
V=Ricos|] +Rz2cos| +Rscos]|

= 40 x sin (60 °) + 15 x sin (120 °) + 20 x sin (240 °)

n B n
=40 %X — +15x —+20x ——

=20 xWMo+75 xMod10 x Mo=17.5 x Mo kN = 30.31 kN.

The magnitude of the resultant force is given by equation (1.8)

R=W( 6 =® o ® p=30.41N.Ans.

The direction of the resultant force is given by equation (1.9)
8
tan [ =—= — 12.124 =tan 85.28°

C [ =85.28 ° or 85°16.86. Ans.

Problem 1.9 four forces of magnitude 10 kN, 15 kN, 20 kN and 40 kN
are acting at a point O as shown in Fig. 1.14. The angles made by 10 kN, 15
kN, 20 kN and 40 kN with X -axis are 30°, 60°, 9 0° and 120° respectively.
Find the magnitude and  direction of the resultant force.
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Sol. Given:

Ri=10kNand [ =30°

R =15kNand [ =60°,

Rz =20kNand [ =90°,

R4 =25 kNand [ =120°,
The resultant components along X  -axis is given by equation (1.6) as
H=Ricos|] +Rxcos| +Rzcos[ ,+ Rscos|

=10 x cos 30° + 15 cos 60° + 20 cos 90° + 40 cos 120°

:1O><V|—+15><—+20x0+40x g

[Ccos 90° = 0 and cos 120° = %
Negative sign means that H is
acting along OX' as shown in Fig. 1.15.
. The _resultant component along  greeeeeses *
Y-axis is given by equation (1.7) as
V=Risin] +Rzsin| +Rssin| , R V = 7263
R4 sin |
= 10 sin 30° + 15 sin 60° + 20 sin 1 ‘\6
90° + 40 sin 120° resss IO X
—10 x—+15 x X4 20x1 +40 x - Y
Fig. 1. 15

=5+75 xVo+20+20 xVo
=25+ 27.5 xWo=72.63kN.
Positive sign means that V is acting along OY as shown in Fig. 1.15.

The magnitude of the resultant force is given by equation (1.8) as
R = I 6 = og) - X @ u
=VMp & T UC U % 72.73 kN. Ans.

The direction of the resultant force is given by equation (1.9) as
8

tan [ =—= =-18.91

From Fig. 1.15 is clear that [ lies 90° and 180°.

The angle whose tangent is 18. 91°is 86.97.
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CJ =(180° - 86.97°) = 93.03°, Ans.

1.8 LAWS OF MECHANICS

The following basic laws and principles are considered to be the
foundation of mechanics :

0] Newton's first and second laws of motion
(i) Newton's third law

(i)  The gravitational law of attraction

(iv)  The parallelog ram law

(v) The Principle of Transmissibility of forces.

1.8.1. Newton's First and Second Laws of Motion. Newton's fir st
law states, 0 Every body continues in a state of
straight line unless it is compelled to change that state by so me external
force acting on it."

Newton's second law stat es, "The net external fo rce acting on a body
in a direc tion is directly proportional to the rate of change of momentum in
that direction.”

1.8.2, Newton's Third Law. Newton's third law states, "To ev ery
actionthere i s al ways equal and opposite react.i

Fig. 1.16 shows two bodies A and B which are placed one above the
other on a horizontal surface.

Here Fi1 = Force exerted by horizontal surface on body A (action)
- F1 = Force exerted by body A on ho rizontal surface (reaction)
F2> = Force exerted by body A on body B (action)
- F2 = Force exerted by body B on body A (reaction)

B

¥,
i,

A
B
- TF1
A l_;:‘
7777777777 777777777777

Fig. 1. 16
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1.8.3. The Gravitational Law of Attraction. It states that two bodies
will be attracted towards each other along t heir connecting line with a force
which is directly  proportional to the product of their masses and inversely
proportional to the square of the distance between their centres.

Refer to Fig. 1.17.
Let & = Mass of first body
a = Mass of second body
r = Distance between the centre of bodies

F = Force of attraction between the bodies.
m,
my,
F F
—— i
f— N

Fig. 1. 17
Then according to the law of gravitational attraction

Fe & .a
0 —

or F e

or F=G ——

where G = Universal gravitational constant of proportionality.

1.8.4. The Parallelogram Law. This law has been already defined. It
states that if two forces acting at a point be represented in magnitude and
direction by the two ad jacent sides of a paralle logram, then their resultant
is represented in magnitude and direction by the diagonal of the
parallelogram passing through that point

1.8.5. The Principle of Transmissibility of Forces . It states that if
aforce, actingat a pointonarigid *body, issh ifted to any other point which
is on the line of action of the force , the external effect of the force on the
body remains unchanged.
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(a) (b) ()

Fig. 1. 18

When two forces are equal, opposite and collinear they are in
equilibrium and  their resultant is zero. The co  mbined effect of these two
forces on a rigid body is equivalent to that of no force at all.

Now consider a forco F acting at point on a rigid body as shown in
Fig. 1.18 (a). On this rigid body, "there is another point O' in the line of
action of the force F. Suppos e at this point O', two equal and opposite forces
F,and F, ( each equalto F and collinear with F) are applied as shown in Fig.
1.18(b). The combined effect of thes e two forces on the body is equivalent
to that of no force at all. Now consider for ce Fand F 2. The force Find F and
F> being equal and opposite, will cancell each other, leaving a forc e F1 at
point O' as shown in Fig. 1.18 (c). But force F1is equal to force F.

The original force F acting at point O, has been transferred to point
O' whi ch is along th e line of action of F without changing the effect of the
force on the rigid body . Hence any force acting at a point on a rigid body
can be transmitted to act at any other point along its line of action without
changing its effect on the rigid body. This proves the principle of
transmissibility of a force.
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STUDENT ACTIVITY
1. What do you mean by rigid body?

2. What do you mean by scalar and vector quantities?
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SUMMARY

1. Engineering mechanics is divided into statics and dynamics. The study
of a body at rest is known as statics whereas the study of a body in
motion is known as  dynamics.

2. A quantity which is completely specified by magnitude and direction is
known as vector quantity.

3. A particle is a body of infinitely small volume and is considered to be
concentrated at a point.

4. Law of parallelogram of forces states th

be

represented in magnitude and direction by the two adjacent sides of a
parallelogram, then their resultant is represented in magnitude and
direction byt he diagonal of the parallelogram passing through that point.

5. If two forces P and Q act at a point and the angle between the two forces

be 4, then the resultant is given by
R= 0 1 ¢O0OATO

and the angle made by the resultant with the direction of force P IS
expressed as
tan [ = — =
6. If the two forces P and Q are equal and are acting at an angle a b etween
them, then the resultant is given by
R =2P cos -
and angle made by the resultant is expressed as [ =-
7. According t o Lami ' s theor em, ol f three
equilibrium, each force will be proportional to the sine of the an gle

between the other two forces."

8. The relation between newton and dyne is given by One newton = 10
dyne.

9. Gravitational law of attraction is given by,

F=G ——
where G = Universal gravitational constant
& F& = Mass of bodies
r = Distance between the bodies
F = Force of attraction between the bodies.

5

TEST YOURSELF

(A) Theoretical Problems

1. Define and explain the terme : Mechanics and applied mechanics,
2. Describe in details the importance and necessity of applied mechanics.
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10.
11.
12.

13.

Applied Mechanics

What do you mean by rigid body?

State the different branches of mechanics.

What do you mean by scalar and vector quantities?

Define the law of parallelogram of forces. What is the us e of this law?

State triangle law of forces and Lami'o theorem.

Two force P and Q are acting at a point in a plane. The angle between the

forces is § 0 Prove that the resultant (R) of the two forces is given by R =
0 1 ¢O0AIlO

Prove that one newton is equal to 10 5 dyne.

Write the Sl units of : Force, moment and v elocity.

What do you mean by resolution of a force ?

A number of coplanar forces are acting at a point making different angles

with x-axis. Find an expression for the resultant force. Find also the

angle made by the resultant force with  x-axis.

State and e xplain the pinciple of transmissibility of forces.

(B) Numerical Problems

. Determine the magnitude of the resultant of the two forces of magnitude

12 N and 9 N acting at a point if the angle between the two forces is 30°,
[Ans. 20.3 N]
Find the magnitud e of two equal forces acting at a point with an angle of
60° between them, if the resultant is equal to 30 x Vo N.
[Ans. 30 N]
The resultant of two forces when they act at right angles is 10 N, whereas
when they act at an angle of 60° the resultants is Vp T.yDetermine the
magnitude of the two forces .
[Ans. 8 N and 6 N]
Three forces of magnitude 30 kN, 10 kN a nd 15 kN are acting at a point
O. The angles made by 30 kN force, 10 kN force and 15 kN force with X-
axis are 60°, 120° and 240° respectively . Determine the magnitude and
direction of the resultant force.
[Ans. 21.79 kN, 83° 24]
A weight of 800 N is supported by two chains as shown in Fig. 1.19.
Determine the tension in each chain.
[Ans. 273.5N, 751.7 N]
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6. Two forces magnitude 15 N and 12 N are acting at a point. If the angle
between the two forces is 60 J, determines the resultant of the forces in
magnitude and direction.

[Ans. 23.43 N, 26.3 ]|

7. Four forces of magnitude P, 2P, 3 x Vo P and 4P are acting at a point O.
The angles may be these forces with  x-axis are 0J, 60J, 150J and 300,
respectively. Find the magnitude and direction of the resultant force.

[Ans. P, 1200]
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2 LAW OF FORCES

LEARNING OBJECTIVES

Force

Unit of Force

Bowds Notation

Coplanar and Space Force System
Resultant of Several Forces

Resultant of Coplanar Forces

Resultant of Collinear Coplanar Forces
Resultant of Concurrent Coplanar Forces

Action and Reaction

=4 A2 _2-2--_-2-

Free Body Diagram

2.1 FORCE

Force is defined as any action that tends to change the state of rest of a
body to which it is applied. Different kind of forces are :

() Gravity force

(i) Simple pull or push exerted on a body by hand

(i) Force due to the pressure of steam or gas on the piston of a cylinder
(iv) Force due to frictional resistance between contact surfaces.

The force can be specified by :

(i) Its magnitude
(i) The point of application and
(iii) Its direction

Any quantity that possesses direction as well as magnitude is known as
a vector quantity. Hence force is a vector quantity .
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2.2 UNIT OF FORCE

Unit of force is a Newton. It is repr esented by N. Newton is a force which
acts on a mass of 1 kilogram and produces an acceleration of 1m/s2. Hence

IN=(1kg)x(1m/s?)=1

T8Y "/ 763 ./ 4! 4) ]

According to Bow(s notation, a force
is represented by two Capital letters which
are written on either side ofthe line of action
of the force. A force with letters A and B on
either side of the line of action is shown in A B
Fig. 2.1. This force will be called AB. The
magnitude of the force is represented by
the length of the line. Direction of the force Force AB

is given by the arr ow as shown in Fig. 2.1.
Fig. 2.1

2.4 COPLANAR AND SPACE FORCE SYSTI

Coplanar forces means the forces in a plan. The word collinear
stands for the forces which are having common lines of action whereas
the word concurrent stands for the forces which intersect at a common
point. When several for ces act on a body, then they are called a force
system or a system of force. In a system in which all the force lie in the
same plane, it is known as coplanar force system.

A force system may be coplanar or non-coplanar. If in a system all
the forces lie in the same plane then the force system is known as coplanar.
But if in a system all the forces liein a different planes, then the force system
iIs known as non-coplanar. Hence a force system is classified as shown

in Fig. 2.1 (a).
J @ Force System

’ ’

2. Coplanar 1. Non-Coplanar
Collinear Concurrent Parallel Non-concurrent  concurrent  Parallel
1TUT1 'IJal Cl“ci Non _CO
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2.4.1 Coplanar Collinear. Fig.2.2 shows three forcesF 1, F2 and F 3 acting
in a plane. These three forces are in the same line i.e., these three forces are
having a common line of action. This system of forces are known as coplanar
collinear force system. Hence in coplanar collinear system of forces, all the
forces act in the same plane and h ave a common line of action.

=i
/ | >

N

Fig. 2.1 Coplanar Fig. 2.3 Concurrent
Collinear Forces. Coplanar Forces

2.42 Coplanar Concurrent. Fig. 2.3 shows three forces Fi1, F2 and F 3
acting in a plane and these forces intersect or meet at a common point O. This
system of forces is known as coplanar concurrent force system. Hence in
coplanar concurrent system of  forces, all the forces act in the same plane and
they intersect at a comm on point.

2.43 Coplanar Parallel. Fig.2.4 shows threeforces Fi1, F2> and F 3 acting
in a plane and these forces are parallel. This system of forces is known as
coplanar parallel force system. Hence in coplanar parallel system of forces, all
the forces act in the same plane and are parallel.

N et I, ST S (S
[ A Plane \ | F
. / F, | /
F [ \ A Plane) g
Y4 F, S \

Fig. 2.4. Coplanar Fig. 2.5 Non-Concurrent
Parallel Forces. Non-Paral lel

2.4.4. Coplanar Non-concurrent Non -parallel. Fig.2.5 shows four
forces F1, F2 and F 3 acting in a plane. The lines of action of these forces lie in
the same plane but they are neither parallel nor meet or intersect at acommon
point. This system of forces is known as coplanar non-concurrent non -parallel
force system. Hence in coplanar non- concurrent non -parallel system of forces act
in the same plane but the forces are neither parallel nor meet at a common point.

This force system is also known as general system of force
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2.5 RESULTANT OF SEVERAL FORCES

When a number of coplanar forces are acting on a rigid* body,
then these forces can be replaced by a single force which has the same
effect on the rigid body as that of all the forces acting together, then this
singleforceis known as theresultant of several forces. Hence a single force
which can replace a number of forces acting on a rigid body, without

causing any change in the external effects on the body, is known as the
resultant force.

2.6 RESULTANT OF COPLANAR FORCES

The resultant of coplanar forces may be determined b y the following
two methods :

1. Graphical method.
2. Analytical method.

The resultant of the following coplanar forces will be determined by the
above two methods :

1. Resultant of collinear coplanar  forces.
2. Resultant of concurrent coplanar forces.

2.7 RESULTANT OF COLLINEAR COPLANA

As defined in Art.2.4.1, collinear coplanar forces are those forces which
act in the same plane and have a common line of action. The resultant of those
forces are obtained by Analytical method or Graphical method.

2.7.1 Analytical Method. The res ultant is obtained by adding al | the
forces if they are acting in the same direction. If any one of the forces is acting
in the opposite direction, then resultant is obtained by subtracting that force.

Fig.2.6 shows three collinear coplanar forces Fi1, F2 and F 3 actingin on
arigid body in the same direction. Their resultant R will be sum of these forces.

R=F1+F>+F3 e(2.1)

Fy Fa

Fig 2.6 Fig. 2.7
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If any one of these forces (say force F2) is acting in the opposite
direction, as shown in Fig.2.7,then their resultant will be given by

R=F1+F2+Fs3 e(2.2)
2.7.2 Graphical Method. Some suitable scale is chosen and vectors re
drawn to the chosen scale. These vectors are added/or subtracted to find the
resultant. The resultant of the three collinear forces Fi, F2 and F 3 acting in

the same direction will be  obtained by adding all the vectors. In Fig.2.8, the
force F1 =ab to some force F> = bc and force F 3 = cd. Then the length and

represents the magnitude of the resultant on the scale chosen.
s ) . F F Fy
a b c 4 a CF, b d
je—— R=F, +F,+F; —» j¢e—— R=F,-F,+F, ——
Fig 2.8 Fig. 2.9

The resultant of the forces Fi, F2 and F 3 acting on a body shown in
Fig.2.7 will be obtained by subtracting the vector Ff. This resultant is shown
in Fig.2.9 in which the force F 1 =ab to some suitable scale. This force is force
is acting from a to b. The for ce F2 is taken equal to bc on the same scale in
opposite direction. This force is acting from b to c. The force Ff is taken equal

to cd. This force is acting from c to d. The resultant force is represented in
magnitude by ad on the chosen scale.

Problem 2.1. Three collinear horizontal forces of magnitude 200N,
100N and 300 N are acting on a rigid body. Determine the res ultant of the
forces analytically and graphically when

(1 All the forces are acting in the same direction.

(i) The force 100 N acts in the opposite direction.
Sol. Given: F1=200N,F 2=100N,and F 3 =300 N

(a) Analytical method

(i) When all the forces are act ing in the same direction, the resultant is
given by equation (2.1) as

R=Fi1+F2+F3+F4=200+ 100+ 300= 600 N. Ans.

(i) When the force 100 N acts in the opposite direction, then resultant
sin given by equation (2.2) as
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R=Fi1+F2+F3+F4s=200 - 100 + 300 = 400 N. Ans.

(b) Graphical method. Select a suitable scale. Suppose 100 N =1 cm.
Then to this scale, we have

Fi=—=2cm,F2=—=1cm I
F1 el F2 .| Fs
and Fs =—=3cm 2 PR x|
Fig. 2.10

(i) When all the forces act in the same direction.
Draw vectors = ab =2 cmtorepresent F 1
vectors = bc =1 cm to represent F > and
vectors = cd =3 cm to represent F 3 as shown in Fig. 2.10.
Measurement vector ad which represents the resultant.
By measurement, length ad =6 cm
C resultant = length ad x chosen scale
(C Chosen scale is 1 cm = 100 N)
=6 x 100 = 600 N. Ans
(i) When force 100 N = F > acts in the opposite direction

Draw length ab =2 cm to represent force F 1

From b, draw bc=1 cm in the opposite direction to represent F». From
c, draw cd=3 cmto represent F 3 as shown in Fig. 2.10(a).

o =2 P -
a Cc d

Fig 2.10

Measure length ad. This gives the resultant.

By measurement, length ad = 4 cm

Resultant = Length ad  x chosen scale
=4 x 100 = 400 N. Ans.
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2.8 RESULTANT OF CONCURRENT COPLA

As defined in Art. 2.4.2, concurrent coplana r forces are those forces
which act in  the same plane and they intersect or meet at a common point.
We will consider following two cases :

(1) When two forces act at a point.
(i) When more than two forces act at a point.

2.8.1, When Two Forces Act at a Point

(a) Analytical method. In Art. 1.5.4, we have mentioned that when
two forces act at a point, their resultant is found by the law of parallelogra m
of forces. The mag nitude of resultant is obtained from equation (1.1) and

the direction of resulta nt wi th one of the forces is ob tained from equation
(1.2).

Suppose two forces P and Q act at point O as shown in Fig. 2.11 and
| isthe angle between them. Let —is the angle made by the resultant R with
the direc tion of force P.

Fig 2.11

Forces P and Q form two sides of a parallelogram and according to
the law, the diagona | through the point o gives the resultant R as shown.

The magnitude* of resultant is given by

R= 0 0 c0Owé"

The above method of determining the resultant is also known as the
cosine law method.

The direction* of the resultant with the force P is given by

—=tan 1
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(b) Graphical method

Fig 2.12

(i) Choose a convenient scale to represent the forces P and Q.
(i) From point O, draw a vector Oa =P

(iif) Now from point O, draw another vector Ob = Q and at an angle of
a as showni n Fig. 2.12.

(iv) Complete the parallelogram by drawing lines ac ) to Ob and bc
to Oa.

(v) Measure the length  Oc.
Then resultant R will be equal to length Oc x chosen scale.

(vi) Also measure the angle 0, which will give the direction of
resultant.

The resultant can also be determine graphically by drawing a triangle
Oac as explained below and shown in Fig. 2.13.

Fig 2.13

(i) Draw a line Oa parallelto P and equalto P.

(i) From a, draw a vector ac at an angle | with the horizontal and cut
ac equal to Q.

(i) Join  Oc. Then Oc represents the magnitude and direction of
resultant R.

Magnitude of resultant R =Length Oc x chosen scale. The direction of
resultant is given by angle 8. Hence measure the angle —
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2.8.2. When More than Two Forces Act at a Point

(a) Analytical Method . The resultant of three or more forces acting
at a point is found analytically by a method which is known as rectangular
components methods (Refer to Art. 1.7). According to this method all the
forces acting at a point are resol  ved into horizontal and vertical components
and then algebraic summation *of horizontal and vertical components is
done separately. The summation of horizontal component is writtenas BO
and that of vertical as B w. Then resultant R is given by

R= BT Bw

The angle made by the resultant with horizontal is given by

tan—B
- B

C Let four forces Fi, F2, F3 and F 4 act at a point O as shown in Fi g.
2.14.

YA Ya

o| F,sing,
s

on
O
o
(2]
>
XV

vy

Fig 2.14 Fig 2.14(a)

Fig 2.14(b) Fig 2.14(c) Fig 2.14(d)

The inclination of the forces is indicated with respect to horizontal
direction, Let

— = Inclination of force  F1 with OX
— = Inclination of force  F> with OX

— = Inclination of force  F3 with OX
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— = Inclination of force F4 with OX

The force F1 is resolved into horizontal and vertical components and
these components are shown in Fig. 2.14(a). Similarly, Figs. 2.14(b), (c) and
(d) shows the horizontal and vertical components of forces F 2, F3, and Fa4
respectively. The various horizontal components are :

F1cos —O (+)
F2 cos —N (-)
Fz cos —N (-)
Fsicos—b ( +)
C Summation or algebraic sum of horizontal components :
Bw=F;cos —- F>cos —- F3 cos — + Fs cos —
Similarly, various vertical components of all forces are
Fi1sin — W (+)
F> cos — ¥ (+)
Fz cos — 8 (-)
Fs cos — 8 (-)

C 'Summation or algebraic sum of vertical components :

Bw=Fisin —+F2sin —- F3sin — - F4 sin —
Then the resultant will be given by R = B'C Bw ée(2.1)
And the angle ( = made by resultant with  x-axisis given bytan —= E—
e(2.2)

(b) Graphical Method. The resultant of several forces acting at a point
is found graphically with the help of the polygon law of forces, which may
be stated as

"If a number of coplanar forces are acting at a point such that they
can be represented in magnitude and direction by the sides of a polygon
taken in the same order, then their resultant is represented in magnitude
and direct ion by the closing side of  the polygon taken in the opposite order.

Let the four forces F 1, F2, F3 and F 4 act at a point O as shown in Fig.
2.15. The resultant is obtained graphically by drawing polygon of forces as
explained below and shown in Fig. 2.15(a ).
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Resultant

Fig. 2.15 Fig 2.15(a)

(i) Choose a suitable scale to represent the given forces.

(i) Take any point a. From a, draw vector ab parallel to OF 1. Cut ab
= force F 1 to the scale.

(i) From point b, draw bc parallel to OF ,. Cut bc = force F ».
(iv) From point C, draw cd parallel to OF 3. Cut cd = force F 3.
(v) From p oint d, draw de parallel to OF 4. Cut de = force F 4.

(vi) Join point a to e. This is the closing side of the polygon. Hence ae
represents the resultant in magnitude and direction.

Magnitude of resultant R = Le  ngth ae x scale.”
The resultant is acting from ato e.

Problem 2.2. Two forces of magnitude 240 N and 200 N are acting at
a point O as shown in Fig. 2.16. If the angle between the forces is 60°,
determine the magnitude of  the resultant force. Also determin e the angle 1
and [ as shown in the figure.

Fig 2.16(a)
Sol. Given:
Force P=240N, Q=200 N
Angle between the forces, | =60°

The magnitude of resultant R is given by,
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R= 0 1

COATNO=WcTtn ¢nmn ¢ ¢t _cm _ AlemJ

=Muwpmn tmnm mTEB8l.57 N. Ans.

Now refer to Fig. 2.16(a). Using sine formula, we get

3 e (i)
or = ;
. J
C sinf = = 5
(CP=240N, | =¢ I R=38157N)
J
S 0.5447
C [ =sin-1 0.5447 = 33* Ans.
From equation (i), also we have = ]
C sin| =
= y 2 0.4539
- 8 - 8 T
C ' =sin-10.4539 = 26.966* Ans.
Problem 2.3.

Two forces P and Q are acting at a point Q as shown in
Fig. 2.17. The resultant force is 400 N and angles Band y are 35° and 25°
respectively. Find the two forces P and Q.

Fig 2.17(a)

Sol. Given:

Resultant, R =400 N

Angles,  =35° r =25°

C Angle between the two forces, | =1 +r =35°+ 25° = 60°
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Refer to Fig. 2.17 (a). Using sine formula for a&OAC, we get

= = é(|)

, J .
¢ P = ] = ] J(C;R:400,r:35,1=(prt)J

- 8—8 = 264.93 N. Ans.

Also from equation (i), we have =

¢ Q= 7 7 3 8
=195.19 N. Ans.

Problem 2.4. Two forces P and Q are acting at a point O as shown in
Fig. 2.18. The force P = 240 N and force Q = 200 N. If the resultant of the
forces is equal to 400 N, then find the values of angles 1, r and J.

Sol. Given:

Forces, P=240N, Q=200 N

Resultant, R =400 N

Let [ = Angle between R and Q,
r = Angle between Rand P.

From Fig. 2.18,itisclearthat, | =71 +r.

Let us first calculate the angle a (i.,e ., Angle between the two forces).

Using the relation,

R= 0 0 L Dwé€|” or 2 0 0 cO D €|°
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or 4002 =2402+2002+2x 240x200x ®E|°
or 16000 = 57600 + 40000 + 96000 x ®E|.
C WEél = = 0.65

C 1 =0¢& . 0.65= 49.458° = 49° (0,458 x 60) = 49° 27.5 &

Now using sine formula for ~ aAC of Fig. 2.18, we get

= = ] e (i)
or = ]
¢ sint = J J 8
(CP =240, | =49.458 °)
= 8 J - 0.4559
¢ f =sin-10.4559 = 27.12* Ans.

Also from equation (i), we have

. _ J 8

C sinr = - J J

¢ r =sin-10.3799 = 22.33* Ans.

Problem 2.5. A force of 100 N is acting at a point maki ng an angle of

30° with the horizontal. Determine the components of this force along X and
Y directions.

Sol. Given:
Force, F=100N
Angle made by F with horizontal, [ =30°
Let Fx = Component along x-axis
Fy = Component alongy -axis
Then Fx = F cos [ =100 cos 30°
=100 x 0.866
= 86.6 N. Ans.
and Fy = F cos [ =100 cos 30°
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=100 x 0.5= 50 N. Ans.

Fig 2.19

Problem 2.6. A small block of weight 100 N is placed on an inclined
plane which makes an angle [ = 30° with the hori zontal. What is the
component of this weight; (i) parallel to the inclined plane and (ii)
perpendicular to the inclined plane?

Sol. Given:
Weight of block, W =100 N
Inclination of plane, [ =30°

The weight of block W = 100 N is acting vertically do wnward s through
the C.G, of the block, Resolve this weight into two components i.e., on e
perpendicular to the inclined plan e and other parallel to the inclined plane
is shown in Fig. 2.20. The perpendicular (normal) component makes an
angle of 30" with the  direction of W.

Inclined

Perpendicular to
inclined plane

\
R "'
.

W= ’00 N Horizontal

Fig 2.20
Hence component of the weight perpendicular to the inclined plane

=W cos 30°=100 x 0.866 = 8.66 N. Ans.

Component of the weight (W) parallel to the inclined plane
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=Wsin30°=100 x 0.5= 50 N. Ans.

Problem 2.7. The four copl anar forces are acting at a point as shown
in Fig. 2.21. Determine the resultant in magnitude and direction analytically

and graphically. 156 N TY
F2
Sol. Given: ¥
104N
Forces, F1 =104 N, , =
X N G B4
F» =156 N " 5
, %‘; |
Fs =252 N and v,
Fu =228 N. Fig 2.21

(a) Analyt ical Method. Resolve ea ch force along horizontal and vertical
axes. The horizontal components along OX will be considered as +ve whereas
along OX as -ve. Similarly, vertical components in upward direction will be
+ve whereas in downward direction as -ve.

(i) Consider force F 1 = 104 N. Horizontal and  vertical components are
shown in Fig. 2.21 (a).

Y

Fig 2.21(a)

Horizontal component,
Fo = F1 cos 10°=104 x 0.9848
=102.42 N
Vertical component,
Fo =F1sin 10°=104 x 0.1736
=18.06 N.

(i) Consider force F > = 156 N. Horizontal and vertical components are
shown in Fig. 2.21 (b).
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o

» 669
X F,cos 66° |O
Y'

Fig 2.21(b)

Angle made by F > with horizontal axis
OX06 =029966°
C Horizontal components,
Fo = F2 cos 66° =156 x 0.4067
=63.44 N .
It is negative as it is acting along OX".
Vertical component,
Fw =F2sin 66°=156 x 0.9135
=142. 50 N. (+ve)

(iii) Consider force F 3 =252 N. Horizontaland  Vertical components are
shown in Fig. 2.21 (c).

. YT
Horizontal component,

For =F3 cos3°=252 x 0.9986

= 251.64 N. (-ve)

Vertical component,

Fow =F3sin3°=252 x0.0523

= 13.18 N. (-ve)

Fig 2.21(c)

(iv) Consider force F = 228 N. Horizontal and vertical components are
shown in Fig. 2.21 (d).

Angle made by F 4 with horizontal axis

OX86 =09%61°
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Y4
C Horizontal compo nents,
Fs cosgl“ -
Fo =F4 cos 81°=228 x 0.1564 X o X
181¢
=35.66 N. (-ve) | L5
e e
Vertical component, i~
. . Fo=228NY--Y
Fu = F4 sin 81° =228 x 0.9877 ;
»
=225.2 N. (-ve) Fig 2.21(d)
Now algebraic sum of horizontal components is given by,

B( =Fo - Fa - Fé - Fao
=102.4 863.44 8251.64 &35.66
= - 248.32 N.

-ve sign means that B ( is acting along OX'as shown in Fig. 2.21 (e).

b

" 248,32 O .
X 0, X
\ o
\ o)
| I
)
Yr
Fig 2.21(e)
Similarly, the algebraic sum of vertical components is given by,
B( =18.06=142.50 + 13.18 0 225.2
=77.82N.
-ve sign means that EV is acting along OY as shown in Fig. 2.2) (e).

The magnitude of resultant (i.e., R) is obtained by using equation (2.1).

R= BT Bw

= qrtTap X @' =260.2N. Ans.
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The direction of resultant is given by equation (2.2).
. B 8
C tan [ = B -8 ° 0.3134

C [ =tan-10.3134= 17.4 J Ans.

(b) Graphical Method. Fig. 2.22 (a), sh ows the point at which four
forces 104 N, 156 N, 252 N and 228 N are acting. The resultant force is
obtained graphically by  drawing polygon of forces as explained below and
shown in Fig. 2.22 ( b):

(i) Choose a suitable scale to represent the given forces. Let the scale
is 25 N = 1 cm. Hence the force 104 N will be represented by — =4.16 cm,

force 156 N will be represented by — = 6.24 cm force 252 N will be
represented by — = 10.08 cm and the force 228 N will be represented by
— =9.12 cm.

(i) Take any point a. From point a, draw vector ab parallel to line of
action of force 104 N. Cut ab =4.16 cm. Then ab represents the force 104
N in magnitude and  direction.

YT YAr
c
— 252N 156 N
249
104 N
i 108 .
X—% ) % 104N b
252 N " Xt a X
228 N \\a(\\
o) S\
9 5 fe
228 N Y’ Y
Fig 2.22(a) Fig 2.22(b)

(i) From point b, draw vector bc parallel to force 156 N and cut bc
6.24 cm Then vector cd represents the force 156 N in magnitude and
direction.

(iv) From point ¢, draw a vector cd parallel 252 N force and cut cd
10.08 cm. Then vector cd represents the force 252 N in magnitude and
direction.

(v) Now from po int d, draw the vector de parallel to 228 N force and
cut de =9.12 cm. Then vector de represents the force 228 N in magnitude
and direction.
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(vi) Join point a to e. The line ae is the closing side of the polygon.
Hence the side ae represents the resultant in magnitude and direction.
Measure the length of ae.

By measurement, length ae =10.4 cm
C Resultant, R =Length ae x Scale =10.4 x 25
(C1lcm=25N)

Now measure angle made by ae with horizontal. This angle is 17.4°
with axis OX. Ans.

Problem 2.8. The resultant of four forces which are acting at a point
O as shown in Fig. 2.23,isalong Y -axis. The magnitude of forces F 1 F2 and
Fsz are 10 kN, 20 kN and 40 kN respectively. The angles made by 10 kN, 20
kN and 40 kN with X -axis are 30° 90° and 120° respectively. Find the
magnitude and direction of force F  » if resultant is 72 k N.

Sol. Given:
F1 =10kN, [ =30°
Fa=7? | =1
F3=20kN, [ =90°
Fs=40kN, [ =120°

Resultant, R =72k N

Fig 2.23

Resultant is along Y -axis.

Hence the algebraic sum of horizontal component should be zero and
algebraic sum of vertical components should be equal to the resultant.

C B( =0and B6 =R =72KN
But B( =F1cos30°+ Focos [ + Fzcos 90° + F4cos 120°

=10 x0.866 + Focos[ +20 x 0+40 x -

=8.66+F 2c0s [ +0 -20

=Fzcos [ 011.34 e (i)
C B( =0 or Facos[ 011.34=0
or Focos [ =11.34
Now, B( =F1cos30°+ Fzsin [ + Fzsin 90° + F4sin 120°

=10x =+ Fz2sin [ +20x 1+ 40 x 0.866
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=5+Fsin [ +20 + 34.64
=F2sin [ +59.64
But B( =R
C  Fsin [ +59.64 =72
¢ F2sin [ =72 - 59.64 = 12.36 e(ii)

Dividing equation (ii) and (i),

8
== or tan g = 1.0899
C [ =tan -1 1.0899 = 47.46 J. Ans.

Substituting the value of [ in equation (ii), we get F > sin (47.46 J) =
12.36

8 8
or F, = = 3 = 16.77 kN. Ans.

2.9 ACTION AND REACTION

From the Newton's third law of motion, we know that to every action
there is equal and opposite reaction. Hence reaction is always equal and
opposite to the actio n.

Fig. 2.24 (a) shows a ball placed on a horizontal surface (or horizontal
plane) such that itis free to move along the plane but cannot move vertically
downward. The ball presses the plane downward with a force equal to its
own weight and the plane in turn must exert an equal upward force on the
ball, according to Newton's third law of motion. Hence the ball will exert a
force vertically downwards at the support as shown in Fig. 2.24(b). This
force is known as action. The support will exert an equal forc e vertically
upwards on the ball at the point of contact as shown in Fig. 2.24 (c).

"
Action
Reaction
A A Support R,
(a) (b) (c)

Fig 2.24
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The force, exerted by the support on the ball, is known as reaction.
Hence any force on a support causes an equal and opposite force from the
support so that action  and reaction are two equal and opposite forces'.

2.10 FREE BODY DIAGRAM

The equilibrium of the bodies which are placed on the supports can
be considered if we remove the supports and replace them by the reactions
which they exert on the body. In Fig. 2.24 (a), if we remove the supporting
surface and replace it by the reaction R a that the surface exerts on the balls
as shown in Fig. 2.24 (c), we shall get free-body diagram.

The point of application of the reaction R A Will be the point of contact
A and from the law of equilibr ium of two forces, we conclude that the
reaction R a must be vertical and equal to the weight W.

Hence Fig. 2.24 (c), in which the ball is completely isolated from its
support and in which all forces acting on the ball are shown by vectors, is
known a free -body diagram. Hence to draw the free  -body diagram of a body
we remove all the supports (like wall, floor, hinge or any other body) and
replace them by the reactions which these support exert on the body. Also
the body should be completely isolated.

Problem 2.9. Draw the free body diagram of ball of weight W
supported by a string AB and resting against a smooth vertical wall at C as
shown in Fig. 2.25 (a).

Sol. Given:

Weight of ball = W

Fig 2.25
The ball is supported by a string AB and is resting against a vertical
wall at C.
To draw the free -body diagram of the ba I, isolate the ball completely
(i.e., isolate the ball from the support and s tring). Then besides the weight

W acting at B, we have two reactive forces to apply one repl acing the string
AB and an other replacing the vertical wall AC. Since the string is attached
to the ball at B and since a string can pull only along its length, we have
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the reactive force F applied at B and parallel to BA. The magnitude of F is
unknown .

The reaction R ¢ will be acti ng at the point of contact of the ball with
vertical wall i.e., at point C. As the surface of the wall is perfectly smooth?*,
the reaction R ¢ will be normal to the vertical wall (i.e., reaction R c will be
horizontal in this case) und will pass through the p oint B. The magnitude
of Rc is also unknown. The complete free  -body diagram is shown in Fig.
2.25(b).

Problem 2.10 . A circular roller of weight 100 N and radius 10 cm
hangs by atie rod AB = 20 cm and rests against a smooth vertical wall at C
as shown in F ig. 2.26 (a). Determine : (i) the force F in the tie rod and (ii)
the reaction R ¢ at point C.

Sol. Given:
Weight of roller, W =100 N
Radius of roller, BC=10cm
Length of tie rod, AB =20 cm
From aABC, we get sin —=—=—20.5
C —=sin-10.5= 30°

The free -body diagram of the roller is shown in Fig. 2.26 ( b) in which
Rc = Reaction at C
F = Force in the tie rod AB

Free-body diagram shows the equilibrium of the r oller. Hence the
resultant force in x-direction and y-direction should be zero.

(a) ()
Fig 2.26
For B'O=0,wegetRc-Fsin [ =0
or Rc =Fsin |
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For B™M=0,wegetl00 -Fcos|[ =0
or 100=Fcos |
or F=—=— (G =30°)
= 115.47 N. Ans.

Substituting the value of F in equation (i),
Rc=115. 47 x sin 30°= 57.73 N. Ans.

Problem 2.11. Draw the free -body diagram of a ball of weight W,
supported by a string AB and resting against a smooth verti cal wall at C
and alsor esting againsta smooth horizontal floor at D as shown in Fig. 2.27

(@).
Sol. Given:

To draw the free -body diagram of the ball, the ball should be isolated
completely from the vertical support, horizontal support and string AB.
Then the forces acting on  the isolated ball as shown in Fig. 2.27 (b), will be

Z

Z

c ia
\ w

v

7

2

D
(2) (b}
Fig 2.27

(i) Reaction R ¢ at point C, normal to AC.

(if) Force Fin the direction of string.

(iii) Weight W of the ball.

(iv) Reaction R p at point D, normal to horizontal surface.

The reactions R ¢ and R p will pass through the centre of the ball le.,
through point B.

Problem 2.12. A ball of weight 120 N rests in a right -angled groove,
as shown in Fig. 2.28 (a). The sides of the groove are inclined to an angle of
30° and 60° to the horizontal. If all the surfaces are smooth, then determine
the reactions R A and R ¢ at the points of contact.
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Sol. Given:
Weight of ball, W =120 N
Angle of groove =90°
Angle made by side FD with horizontal = 30°
Angle made by side E D with horizontal = 60°
C Angle FDH = 30° and angle EDG = 60°

Consider the equilibrium of the ball. For this draw the free body
diagram of the ball as shown in Fig. 2.28(b).

The forces acting on the isolated ball will be:

(i) Weight of the bal | =120 N and acting vertically downwards.
(if) Reaction R ¢ acting at C and normal to FD.

(iii) Reaction R a acting at A and normal to DE.

The reactions Ra and R ¢ will pass through B, i.e., centre of the ball.
The angles made by Ra and R ¢ at point B will be  obtained as shown in Fig.
2.28( c).

In aHDC, " CDH =30°and “ DCH =90°. Hence ~ DHC will be 60°. Now
in” HBL, ” BLH = 90° and angle L HB= 60°. Hence "~ HBL will be 30°.

Similarly, © GBL may be calculated. This will be equal to 60°.
For the equilibrium of the ball,

B& =0and B& =0
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For B& =0, we have Rc sin30° - Rasin60°=0
or Rc sin 30° = R a sin 60°
or Rc = Ra x =1.732 Ra 6 (i)
For B& =0,wehave 120 0 Rasin60° - Rcsin30°=0
or 120 = R a cos 60° + Rc cos 30°
= Ra x 0.5 + (1.732 R ») x 0.866 (CRc =1.732R »)

=05RA+15R A =2 Ra.
C Ra=— =60 N. Ans.

Substituting this value in equation (i), we get
Rc =1.732 x 60 = 103.92 N. Ans.

Problem 2.13. A circular roller of radius 5 cm and of weight 100 N
rests on a smooth horizontal surface and is held in position by an inclined
bar AB of length 10 cm  as shown in Fig. 2.29. A horizontal force of 200 N is
acting at B. Find the tension (or Forces) in the bar AB and the vertical
reaction at C.

(a) (b)
Fig 2.29
Sol. Given:
Weight, W =100 N
Radius i.e., BC=5cm
Length of bar, AB =10 cm
Horizontal force at B =200 N
Il n &ABC, sin ——=—20.5
C —=sin-10.5= 30°
Let, F = Tension in the string AB.
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Consider the equilibrium of the roller. For this draw the free body
diagram of the roller as shown in Fig. 2.29 (6).

The reaction R ¢ at point C will pass through point B.

The tension (or force F) will be acting along the length of the string.

As the roller is in equilibrium in Fig. 2.29 ( b), the resultant force in  x-
direction and y-direction should be zero.

For

C

For

or

B& =0,wehave Fcos —0200=0

Fe—=—", (€f =30°)
= 230.94 N. Ans.
B& =0,wehave RcdW-Fsin —=0
Rc =W + Fsin —= 100 + 230.94 x sin 30

=215.47 N. Ans.
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STUDENT ACTIVITY

1. What is the difference between collinear and concurrent forces?

2. Explain the procedure of resolving a given force into two components at
right angles to each other.
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SUMMARY

Coplanar forces means the forces are acting in one plan e.

Concurrent forces means the forces are intersecting at a common point.

Collinear forces means the forces are having some line of action

The resultant of coplanar forces are determined by analytical and

graphical methods.

5. The resultant (R) of three collinear forces F 1, F2 and Fs actinginth e same
direction, is given by R=F 1 + F2 + Fa3. If the force F, is acting  in opposite
direction then their resultant will be, R = F 1+F2+ Fs.

6. The resultant of the tw o forces P and Q having an angle | between them
and acting at a point, is given by cosine law method as R =

0 1 ¢ 0 AT| O And the direction of the resultant with the force P
is given by,
7. The resultant of three or more forces a  cting at a point is given by, R =
B'C Baw , where B( = Algebraic sum of horizontal components of
all forces, B6 = Algebraic sum of vertical components of all forces. The

PP

angle made by the resultant with horizontal is given by, tan [ = 2—(6

8. The resultant of s everal forces acting at a point is found graphically by
using polygon law of forces

9. Polygon law of forces states that if a number of coplanar forces are acting
at a point such that they can be represented in magnitude and direction
by the sides of a polyg on taken in the same order, then their resultant is
represented in  magnitude and direction by the closing side of the polygon
taken in the opposite  order.

TEST YOURSELF

(A) Theoretical Problems

1. Define and explain the following terms :
) Coplanar and non -coplanar force s
(i) Collinear and concurrent forces
(i)  Parallel and non -parallel forces.
What is the difference between collinear and concurrent forces ?
3. State and explain the following laws of forces :
0] Law of parallelogram of forces
(i) Law of triangle of forces
(i)  Law of polygon of forces.
4. Derive an expression for the resultant in magnitude and direction of two
coplanar concurrent forces using co sine law method.

N
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. Explain in detail the method of finding resultant in magnitude and
direction of three or more forces acting at a point by analytical and
graphical method.

. Explain the procedure of resolving a given force into two components at

right angles to each other.

. Three collinear forces F 1, F2 and F 3 are acting on a body. What will be the
resultant of these forces, if

(a) all are acting in  the same direction

(b) force F 3 is acting in opposite direction.

. State the law of parallelogram of forces and show that the resultant R =

0 1 when the two forces P and Q are acting at right angles to each
other. Find the value of R if the angle between the forces is zero.

(B) Numerical Problems

. Three collinear horizontal forces of magnitude 300 N, 100 N and 250 N
are acting onrigid body. Determine the resultant of the forces analytically
and graphically when : (i) all the forces are acting int he same direction ;
(ii) the force 100 N acts  in the opposite direction.
[Ans. (i) 650 N, (ii) 450 N]
. Two forces of magnitude 15 N and 12 N are acting at a point. The angle
between the forces is 60°. Find the resultant is magnitude.
[Ans. 20. 43N]
. A force of 1000 N is acting at a point, making an angle of 60° with the
horizontal. Determine the components of this force along horizontal and
vertical directions.
[Ans. 500 N, 866 N]
. A small block of weight 100 N is placed on an inclined plane w hich makes
an angle of 60° with the horizontal. Find the components of this weight
(i) perpendicular to the inclined plane and (ii) parallel to the inclined
plane.
[Ans. 50N, 86.6 N]
. Two forces P and Q are acting at a point O as shown in Fig. 2.30. Th e
force P = 264.9 N and force Q = 195.2 N. If the resultant of the forces is
equal to 400 N then find the values of angles 1,7, .
[Ans. 1 =35°, [ =25° | =60°]

Fig 2.30
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6. A small block of unknown weight is placed on an inclined plane which
makes an angle of 30° with horizontal plane. The component of this
weight parallel to the  inclined plane is 100 N. Find the weight of the block.
[Ans. 200 N ]
7. In question 6, find the component of the weight perpendicular to the
inclined plane.
[Ans. 173.2 N ]
8. The four coplanar forces are acting at a point as shown in Fig. 2.31.
Determine the resultant in magnitude and direction analytically an
graphically.
[Ans. 1000 N, [ =60° with OX]

Y? F,=2000 N 200N
Fa=5196 N

308 8° . e

o + ON\Jeo> F,=1000N 20° -
=500 N
500 N
Y’ F,=4000N 200 N
Fig 2.31 Fig 2.32

9. The four coplanar forces are acting at a point as shown as in Fig. 2.32.
one of the forces is unknown and its magnitude is shown by P. The
resultant is having a magnitude 500 N and is acting along X-axis.
Determine the unknown f  orce P and its inclination with X-axis.
[Ans. P=286.5Nand [ =53°15 48]
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MOMENTS

LEARNING OBJECTIVES

Introduction

Concept of Moment

Varignonés Theorem

Parallel Forces

Resultant of Two Parallel Forces

Effect of a Force Moving Parallel to its Line of Action
General Case of Parallel Forces in a Plane
Equivalent System

SA=_2=_2A_2-_--2-2

General Condition of Equilibrium of Bodies under Coplanar Forces

3.1 INTRODUCTION

The forces, which are having their line of actions parallel to each
other, are known parallel forces. The two parallel forces will not intersect at
a point. The resultant of two coplanar concurrent forces (i.e., forces
intersecting at the same point) can be directly determined by the method of
parallelogram of forces. This method along with other methods for finding
resultant of collinear and concurrent coplanar forces, were discussed in
earlier chapters.

The parallel forces are having their lines of action parallel to each
other. Hence, for finding the resultant of two parallel forces, the
parallelogram cannot be drawn. The resu Itant of such forces can be
determined by applying the principle of moments . Hence in this chapter
first the concepts of moment and principle of moments will be dealt with.
Thereafter the methods of finding resultant of parallel and even non -parallel
force s will be explained
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3.2 CONCEPT OF MOMENT

The product of a force and the perpendicular distance of the line of
action of the force from a point is known as moment of the force about that
point.

Let F = Aforce acting on a body as shown in Fig. 3.1.

r = Perpendicular distance from the point on the line of action

of force F.

Then moment (M) of the force F
about O is given by,

Line of action of force

M=FxT

The tendency of this moment is to
rotate the body in the clockwise direction
about O. Hence this moment is called
clock - wise moment. | f the tendency of a
moment Point about which is to rotate the
body in anti -clockwise direction, then _
that moment is known as  anti -clockwise Fig.3 .1
moment. If clockwise moment is taken -ve
then anti -clockwise moment will be +ve.

]

! Perpendicular
:4/ distance

|

Point about which
moment is to be taken

In S.1. system, moment is expressed in Nm (Newton metre).

Fig. 3.2 shows a body on which three forces F 1 F> and F 3 are acting.
Suppose it is required to find the resultant moments of these forces about
point O.

Line of action
of force F,

Line of action

of force F;
Line of action
of force F,
FS
FZ
Fig. 3.2
Let i = Perpendicular distance from O o  n the line of action of force
Fi.
i and 1 = Perpendicular distances from 0 on the lines of action of
force F».

Moment of F 1 about 0 = F1 x 1 (clockwise) ( -)
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Moment of Fzabout0= F2 xi (clockwise) (-)

Moment of Fz about0= F3 x i (anti-clockwise) (+)

The resultant moment will be algebraic sum of all the moments.

C The resultant moment of F 1, F2 and F 3 about O
=-Fi1x1 0OF2x1 +F3xi

Problem 3.1. Four forces of magnitud e 10 N, 20 N, 30 N and 40 N are
acting respectively along the four sides of a square ABCD as shown in Fig.
3.3. Determine the resultant moment about the point A. Each side of the
square is given 2 m.

Sol. Given:
Length AB =BC=CD=DA=2m
Force at B=10 N,
Force at C=20N,
Force at D =30 N,
Force at A =40 N,
The resultant moment ab  out point A is to be determined.

The forces at A and B passes through point A. Hence perpendicular
distance from A on the lines of action of these forces will be ze ro.

20N

Line of action

D c l&— of force at C

30N ¢

Line of action Point about

of force atD | which moment
is to be taken

2m

10N

B
Line of action T
of force at A [e—2m >
\ Line of action
40N of force at B

Fig. 3.3

Hence their moments about A will be zero. The moment of the force at
C about point A.

= Force at C x U distance from A on the line of action of force at
C.

= (20 N) x (Length AB).
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=20 x 2 Nm =40 Nm (anti -clockwise).
The moment of force at D  about point A.

= Force at D x U distance from A on the line of action of force at

= (30 N) x (Length AD).
=30 x 2 Nm =60 Nm (anti -clockwise).
C Resultant moment of all forces about A.

=40+ 60= 100 Nm (anti-clockwise). Ans.

Y8Y 6! 2)' ./ .83 4( %/ 2

3.3.1. Principle of Moments. Principle of moments states that the
moment of the resultant of a number of forces about any point is equal to
the algebraic sum of the  moments of all the forces of the system about the
same point.

Varignon's theorem states that the moment of a force about any point
is equal to the algebraic sum of the moments of its components about
that point.

Fig. 3.4

Fig. 3.4 Shows two forces F 1 and F 2 acting at point O. These forces are
represented in magnitude and direction by OA and OB. Their resultant R is
represented in magnitude and direction by OC which is the diagonal of
parallelogram OACB. Let O @is the point in the  plane about which moments
of F1, F2 and R are to be determined. From point O 0 draw perpendiculars on
OA, OC and OB,

Let i Perpendicu lar distance between F 1 and O'.
r = Perpendicular d istance between R and O @

i = Perpendicular distance between F > and O".
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Then according to Varignonds principle

Moment of R about must be equal to algebraic sum of momenta of
FrandFabout OO6.

or Rxr=-F1xi +Fyxi
3.3.2. Problems Based on Principle of Moments

Problem 3.2. A force of 100 N is acting at a point A a s shown in Fig.
3,5. Deter mine the moments of this force about O.

Sol. Given:
Force at A=100N

Draw a perpendi cular from 0 on the line of action of force 100 N. Hence
OB is the perpendicular on the line of action of 100 N as shown in Fig. 3.6.

1st Method

Triangle OBC is a right -angled triangle. And anle

OBC = 60°
C sin 60° = — Y4
C OB =0OC ssin 60° A
=3 x0.866
100N
=2.598 m /
Moment of the forces 100 N about O “3"“",('60"
=100 x OB = 100 x 2.598 ¢ \J:ZC ¥
= 259.8 Nm (clockwise) Ans. Fig. 3.5
2 Method
YWK
The moment of force 100 N about O, can
also be determined by using Varignon's 100N
principle. The for ce 100 N is replaced by its two
rectangular components at any convenient
point. Here th e convenient point is chosen as /
C. The horizontal and vertical components of 4
force 100 N acting at Care shown in Fig. 3.6. 1°|°°°S 697"
0 AT
The horizontal component ' :O o A
[7+]
=100 x cos 60° =50 N S¥ 1%
8
Fig. 3.6
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But this force is passing through O and
hence has no moment about O.
The vertical component
=100 x cos 60° = =100 x 0.866 =86.6 N

This force is acting vertical downwards at C. Moment of this force
about O.

=86,6 x OC =86.6 x 3 (COC=3m)
= 260.8 N (clockwise). Ans.

3.4 parallel forces

The following are the important types of parallel forces :

1. Like parallel forces,
2. Unlike parallel force s.

3.4.1. Like Parallel Forces. The parallel forces Which are acting in the
same direction, are lowing li ke parallel forces In fig. 3.7, two parallel forces
F1 and F2 are shown. They are act ing inthe same direction. Hence they are
called alike parallel forces. There forces may be equal or equal in magnitude

Fa
Fy Fa

Fy

Fig. 3.7 Fig. 3.8

3.4.2. Unlike Parallel Forces. The parallel forces which  are acting in
the opposite direction, are known as unlike parallel forces. In Fig. 3.8, two
parallel forces Fi1 and F. are acting in opposite direction. Hence they are
called as unlike parallel forces. These forces may b e equal or unequal in
magnitude.

The unlike parallel forces may be divided into : (i) unlike equal parallel
forces, and (ii) unlike unequal parallel forces.

Unlike equal parallel forces are those which are acting in opposite
direction and are equal in magnitude.
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3.5 RESULTANT OF TWO PARALLEL FORC

The resultant of following  two parallel forces will be considered :

1. Two parallel forces are like.
2. Two parallel forces are unlike and are unequal in magnitude.
3. Two parallel forces are unlike but equal in  magnitude.

3.5.1. Resultant of Two like Parallel
Forces. Fig. 3.9 shows abody on which two like
parallel forces, Fi1 and F. are acting. It is
required to determine the resultant (R) and also
th e point at which  the resultant R is acting. For
the two parallel forces which are acting in the
name direction, obviously the resultant R le
given by,

AR=F +F,

R=Fi+F;

Fig. 3.9

In order to find the point At which the resultant is acting, Varignon's
principle (or method of moments) is used, According to this, the  algebraic
sum of moments of Fi and F2 about any pointshouldb e equal tothe moment
of the res ultant ( R) about that point. Now arbitrarily choose any point o along
line AB and take moments of all forces about this point,

Moment of Fi about O =F1x AO (clockwise) ( -)
Moment of F2 about O =F, x BO (anti -clockwise) (+ve )
Algebraic sum of moments of Fi and F2 about O
=F1 xAO+F. xBO
Moment of resultant about 0= R xOC (anti -clockwise)(+)

But according to principle of moment s the algebraic sum of moments
of F1 and F> about should be equal to the moment of resultant about th e
same point O.

¢ -F1 x AO+F2xBO=+RxCO=(F 1 +F2) xCO
(CR=F1 +F>)
or F1(AO + CO) = F »(BO - CO)
or F1 x AO=F,xBC

(CAO+CO=ACand BO 8CO=BC)
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The above relation shows that de resultant R acts a t the point C,
parallel to the lines of action of the given forces Fi1and F2 in such a way that
the resultant divides the distance AB in the ratio inversely proportional to
the magnitudes of Fi1and F Also the point C lies in line AB i.e., point C is
not ou tside AB .

The location of the point C, at which the resultant R is acting, can
also be deter - mined by taking moments about points A of Fig. 3.9. As the
force Fiis passing through A, the moment of F; about A will be zero.

The moment of F2 about
A = F2 x AB (anti -clockwise) (+)
Algebraic sum of moments of Fj;and F2 about O
=0+ F2x AB = F2 x AB (anti -clockwise) (+) .. ()
The moment of resultant R about A
= R x AC (anti -clockwise)(+) e (i)

But according to the principle of moments, the algebrai c sum of
moments of Fi1 and F2 about A should be equal to the moment of resultant
about the same point A.  Hence equating equations (i) and (ii)

F2xAB=R x AC

But R = ( F1 + F2) hence the distance AC should be less than AB. Or in
other words, the point C  will lie inside AB

3.5.2. Resultant of Two Unlike Parallel
Forces (Unequal in Magnitude). Fig 3.10
shows a body on which two unlike parallel
forces F1 and F2 are acting which are unequal R=F,-F,

in magnitude. Let us assume that force Fiis
more than F» It is required to determined the
resultant R and also the point at which the O PR

resultant R is acting. For the two parallel forces,
which are acting in opposite direction,
obviously the resultant is given by,

Fig. 3.10
R=F10F2
Let the resultant R is acting at C as shown in Fig. 3.10 .
In order to find the point C, at which the resultant is acting, principle

of moments is used.

Choose arbitrarily any point O in line AB. Take the moments of all
forces (i .e., F1, F2 and R) about this point.

Moment of F; about O = F1 x AO (clo ckwise)
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Moment of F2 about O = F, x BO (clockwise)
Algebraic sum of moments of F; and F2 about O
= F, x AO + F» x BO e (i)
Moment of resultant force R about O
= R x CO (clockwise)
=(F1 8F2) xCO (CR=F18F2)
= F1 xCO - F2x CO e(ii)

But according to the principle of moments, the algebraic sum of
moments of all forces about any point should be equal to the moment of
resultant about that point. Hence equating equations (i) and (ii), we get

F1 x AO+F2xBO=F1 xCO - F,x CO
or F2(BO + CO) = F 1(CO 8 AO)
F xBC=F;xAC (CBO+CO=BCandCO &AO =AC)

or —_ = or —_ = —

But F1 > F2, hence BC will be more than AC. Hence point O lies outsi de
of AB and on the same side as the larger force F1. Thus in case of two unlike
parallel forces the resultant lies outside the line joining the points of action
of the two forces and on the  same side as the larger force.

The location of the point C, at wh  ich the resultant R is acting, can
also be determined by taking moments about point A, of Fig. 3.10. As the
force Fi is passing through A, the moment of F1 about A will be zero.

The moment of F, about A= F2 x AB (clockwise) ( -)
Algebraic sum of moments of Fi1 and F2 about A
=0 + F2 x AB = F2 x AB (clockwise) ( -) ()

The moment of resultant R about A should be equal to the algebraic
sum of moments of F1 and F2 (i.e., = F2 x AB) according to the principle of
moments. Also the moment of resultant R about A should be clockwise. As
R is acting upwards [CF1 > F2 and R = ( F1 8 F2) so R is acting in the direction
of F ], the moment of resultant R about A would be clockwise only if the
points C is towards the left of point A. Hence the point C will be outside the
line AB and on the side of F1 (i.e., larger f orce).

Now the moment of resultant R about A

= R x AC (clockwise) ( -) 6(ii)
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Equating equations (i) and (ii),
F2 xAB = R x AC
= (F1 8 F2) x AC (CR=F18F)

As Fi1, F2> and AB are known, hence AC can be calculated. Or in other
words, the location of point C is known.

3.5.3. Resultant of Two Unlike
Parallel Forces which are Equal in
Magnitude. When two equal and opposite
parallel forces act on a body, at some
distance apart, the two forces from a couple
which has atendency torotate the body. The
perpendicular distance between the parallel
forces in known as arm of the couple.

Fig. 3.11

Fig. 3.11 shows a body on which two parallel forces, which are acting
in opposite direction but equal in magnitude are acing. These two forces
will form a couple w hich will have a tendency to rotate the body in clockwise
direction. The momentofthe  couple is the product of either one of the forces
and perpendicular distance  between the forces.

Let F =ForceatAoratB

a = Perpendicular distance (or arm of the co uple)
The moment (M) of the couple is given by, M =F x a.
The units of moment will be Nm.
3.5.4. Problems based on Parallel Forces

Problem 3.3. Three like parallel force 100 N, 200 N and 300 N are
acting at points A, B and C respectively on a straight li ne ABC as shown in
Fig. 3.12. The distances are AB = 30 cm and BC =40 cm. Find the resultant
and also the distance of the  resultant from point A on line ABC.

Sol. Given: s il .
Force at A=100N 200 N 4 300N
|
Force at B=200N 1oN I
|
Force at C=100N I I
& B 1D c
Distance AB =30 cm, B C =40 cm. L . Y
As all the forces are parallel and acting in ‘:_30 om —} 46 c"m N
the same direction, their resultant R is
given by Fig. 3.12
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R =100 + 200 + 300 = 600 N

Let the resultant is acting at a distance of x c¢m from the point A as
shown in Fig. 3.12.

Now take the moments of all forc  es about point A. The force 100 N is
passing A, hence its moment about A will be zero.

C Moment of 100 N force about A =0
Moment of 200 N force about A = 200 x 30 = 6000 N cm
(anti -clockwise)
Moment of 300 N force about A =300 x AC
=300 x 70=21000 N cm
(anti -clockwise)
Algebraic sum of moments of all forces about A
=0 + 6000 + 21000 = 27000 N cm (anti -clockwise)
Moment of resultant R about A=R xx
=600 x x N cm (CR = 600)
But algebraic sum of moments of all forces about A

= Moment of resultant about A

or 27000 =600 x x or X = —— = 45cm.
Problem 3.4. The three like parallel forces of magnitude 50 N, F and
100 N are shown in Fig. 3.13. If the resultant R = 250 N and is acting at a

distance of 4 m from A, then find

() Magnitude of force F. 100N

(i) Distance of F from A. S5 F R ?250 N
A
Sol. Given: :
Forcesat A =50N,atB =FandD = 100N A B 1C
— x —»] ‘
R =250 N, —4m ~—*~—-»~ 3m—"
Distance AC=4m,CD =3m. 'Fig. 3.13

(i) Magnitude of force F
The resultant R of three like forces is given by,
R=50+F + 100
or 250 =50 + F + 100 (CR = 250)
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C F=250 850 6100 = 100 N. Ans.
(i) Distance of F from A
Take the moments of all forces about point A.
Moment of force 50 N about A=0 (CForce 50 N is passing through)
Moment of force F about A=Fxx (anti -clockwise)
Moment of force 100 N about A = 100 AD =100 x 7 =700 Nm
(anti -clockwise)
C Algebraic sum of moments of all forces about A
=0+ F xx+ 700 Nm
=F x x + 700 Nm (anti -clockwise)
Moment of resultant R about A=R x 4=250 x 4 =1000Nm
(anti -clockwise)

But algebraic sum of moments of all forces about A must be equal to
the moment of resultant R about A.

C F x x + 700 = 1000 or F x x =1000 & 700 = 300
or X=—=— (CF =100 N)

= 3 m. Ans.

Problem 3.5. Four parallel forces of magnitudes 100 N, 150 N, 25 N
and 200 N are shown in Fig. 3.14. Determine the magnitude of the resultant
and also the distance of the resultant from point A.

100 N 150 N 25N 200N

A B C ,
[e——o09m it 1.2m Ple— 0.75 m —]
Fig. 3.14

D

Sol. Given:
Forces are 100 N, 150 N, 25 N and 200 N.
Distances AB=09m,BC=1.2m,CD=0.75 m.

As all the forces are acting vertically, hence their resultant R is given
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R =100 & 150 - 25 + 200

(Taking upward force +ve and downward an

-ve)
=300 - 175=125N

+ve sign shows that R is acting vertically upwards. To find the
distance of R from point A, take the moments of all forces about point A.

Let x = Distance of R from A in metre.

As the force 100 N is passing through A, its mo ment about A w ill be
zero.

Moment of 150 N force about A =150 x AB

=150 x 0.9 (clockwise) ( -) =-135 Nm
Moment of 25 N force about

A=25 x AC=25 x (0.9 + 1.2)

=25 x 2.1 (clockwise) ( -) = -52.5 Nm

Moment of 200 N force about A =200 x AD

=200 x (0.9 + 1.2 +0.75)

=200 x 2.85 (anti -clockwise) (+)
=570 Nm
Algebraic sum of moments of all forces about A

-135 - 525+570=3825Nm € (i)
+ve sign shows that this moment is anti

of resultant R about A must be 382.5 Nm, i

-clockwise. Hence the moment
clockwise about A.

.e., moment of R should be anti
The moment of R about A will be anti

-clockwise if R is
acting upwards and towards the right of A.
Now moment of R about A =R x x. BUutR =125

=125 x X (anti -clockwise)(+)
=+125x%x X e(ii)
Equating (i) and (ii), 382.5=125 xx

or _8 = 3.06 m. Ans.

C Resultant (R = 125 N) will be 125 N upwards and is acting at a
distance of 3.06 m to the right of point A.
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3.6 EFFECT OF A FORCE MOVING PARALLEL
LINE OF ACTION

A force F acting at a point A, if it is moved to another point B parallel
to its line of action, then the original force will be equivalen t to the parallel
and equal force at B together with a couple.

A given force F applied to a body at any point A can always be replaced
by an
equal and parallel force applied at another point B together with a couple
which will be equivalent to the original ~ force. This is proved as given below.

Let the given force F is acting at point A as shown in Fig. 3.15 (a).
. ] . .
M =Fx
F
@ (b) (c)
Fig. 3.15

This force is to be replaced at the point B. Introduce two equal and
opposite forces at B, each of magnitude F  and acting parallel to the  force at
A as shown in Fig. 3.15( b). The force system of Fig. 3.15( b) is equivalent to
the single force acting at A of Fig. 3.15(a). In Fig. 3.16( b) three equal forces
are acting. The two forces i.e., force F  at A and the oppositely directed force
F at B (i.e., vertically downward force at B) from a couple. The moment of
this coupleis F x x clockwise where x is the perpendicular  distance between
the lines of action of forces at A and B. The third force is acting at B in the
same direction in which the forc e at A is acting. In Fig. 3.15(c), the couple
is shown by curved arrow with symbol M. The force system of Fig. 3.15(c) is
equivalentto Fig. 3.15( b). Or in other words the Fig. 3.15(c ) is equivalent to
Fig. 3,15(a). Hence the given force F acting at A has been replaced by an
equal and parallel force applied at point B in the same direction together
with a couple of moment F  x x.

Thus a force acting at a point in a rigid body can be replaced by an
equal and parallel force at any other point in the body, and a couple.
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Problem 3.6. A system of parallel forces are acting on a rigid bar as
shown in  Fig. 3.16. Reduce this system to :

(i) a single force

(i) a single force and a couple at A 325N 150N 675N 10N
(iii) a single force and a couple at B.
. A C D A 4:]
Sol. Given: |
< im >e im pe 1.5m
ForcesatA,C, DandBare32.5N, 150 3.5m
N, 67.5 N and 10 N respectively.
Fig. 3.16

Distances AC=1m,CD =1 m and BD
=1.5m.

() Single force system. The single force system will consist only
resultant force in magnitude and location. All the forces are acting in the
vertical d irection and hence their resultant (R) in magnitude is given by

R=325 -150+67.5 -10= -60 N. Ans.
Negative sign shows that resultant is acting vertically downwards.

Let x = Distance of resultant from A towards right. To find the location
of the resul tant take the moments of all forces about A, we get moment of
resultant about A.

= Algebraic sum of moments of all forces about A
or R x x =-50 x AC +67.5 x AD-10 AB

(Taking clockwise moment  -ve and anticlockwise moment +ve)

or (-60) x x =50 x1+67.5 x2-10 x 3.5 (CR = - 60)
or -60x =-150+135 -35= -50
C x = — =0.833 m. Ans.
R=60N
ol
| ]
—p| 0.833 m |¢—
Fig. 3.16(a)

Hence the given syst em of parallel forces is equiva lentto a single force
60 N acting vertically downwards at point E at a distance of 0.833 m from
A shown in Fig. 3.16(a)
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(i) A single force and a couple at A. The resultant force R acting at
point E as shown in Fig. 3.16(a) can be replaced by an equal force applied
at point A in the same  direction together with a couple. T his is shown in
Fig. 3.16(c).

The moment of the couple =60  x 0.839 Nm (clockwise )
= -49.98 Nm, Ans.

(-ve signis due to clockwise)

(iii) A single force and a couple at B. First find distance BE. But from
Fig. 3.16( b), this dist ance.

BE=AB - AE=3.5 - 0.8332.667 m.

The resultant forc e R acting at point E can be replaced by an equal
force applied at point B in the same direction together with a couple.

Hence if the force R = 60 N is moved to the point B, it will be
accompanie d by a couple of moment 60 x BE or 60 x 2.667 Nm. This is
shown in Fig. 3.16( e).

60N R=60N 60N
AY E B y A ?
— 0.833 je— 4 M, = 60 x 0.833 Nm
< 3.5m |
Fig. 3.16(b) Fig. 3.16(c)
R=60N 60N 60N
A J»E ;B B
[ —_— L |
0.833 2.667m 4
N My
60 N
The moment of the couple =60  x 2.667 Nm (anti -clockwise)
= 160 Nm. Ans.

3.7 GENERAL CASE OF PARALLEL FORCES I
PLANE

Fig. 3.17 shows a number of parallel forces acting on a body in one
plane. The forcesF 1, F2 and F 4 are actingin one direction, whereas the forces
Fs and F s are acting in the opposite direction. Let R 1 = Resultant of forces
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Fi1, F2 and F s and F2 = Resultant of forces F 3 and F 5. The resultant R 1 and R 2
are acting in opposite direction and are parallel to each other. Now three
important cases are possible.

F, F, Fa Fa Fs
A B (] D E
Fig. 3.17

1. R1 may not be equal to R >. Then we shall have two unequal parallel
forces (R1 and R 2) acting in the opposite direction. The resultant R of these
two forces (R 1 and R2) can he easily obtained. The point of application of

resu ltant R can be obtained by equating the moment of R about any point
to the algebraic sum of the moments of individual forces about the same
point.

2. R1 is equal to R 2. Then we shall have two equal parallel forces (R 1
and R 2) acting in the opposite direction, 'Th e resultant R  of these two forces
will be zero. Now the system may reduce to a couple or the system is in
equilibrium. To distinguish between these two cases, the algebraic sum of
moments of all forces (F 1, F2,& . Fs) about any point is taken. If the sum of
moments is not zero, the system reduces a resultant couple. The calculated
moment gives the moment of this couple

3. R1 is equal to r2 and eum of moments of all forces (F1, F2, F3, Fa,
Fsé . .about any pointis zero, then the system will not be subjected to any
resultant couple but the system will be in equilibrium.

Problem 3.7 . Determine the resultant of the parallel force system
shown in Fig. 3.18

4N 8N 8N 16N 12N
A B C D E
' 0.6m | 09m | 1.2m 0.6m
Fig. 3.18

Sol. Given:

Forces at A, B, C,Dand Eand 4N, 8N, 8N, 16 N and 12 N

respectively.
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Distances AB =0.6 m, BC=0.9m,
CDh=12m, and DE=0.6m.

Since all the forces are vertical and parallel, hence their resultant is
given by

R=-4+8-8+16 012=0

As the resultant for ce on the system is zero, there will be two
possibilities. The system has a resultant couple or the system is in

equilibrium. To distinguish between these two possibilities, take the sum of
moments of all forces about any point. Let us take the moments abo ut point
A.

C Algebraic sum of moments of all forces about A
=4 x0+8 x ABO98 xAC+ 16 x AD - 12 x AE
=0+8 x06 08x(06+0.9)+16 x (06+09+1.2) 012
x (0.6 +0,9+ 1.2 +0.6)
=0+48 -12+16 x 2.7 - 12 x 3.3 Nm
=48 -12+43.2 -39.6=48 -51.6
=-3.6 Nm

As the algebraic sum of moments of all forces about any point is not
zero, the system will have a resultant couple of magnitude -3.6Nm i.e,a
clockwise couple. Ans.

Problem 3.8. Determine the resultant of the parallel forces act ing on
a body as shown in Fig. 3.19.

P

20N 20N 40N 30N 10

A B C D E
14 2m k|0.5 mlo.sml‘ 2m
L | T | B

JL‘——-—__

Fig. 3.19
Sol. Since all the forces are vertical and parallel, hence their resultant is
given by
R=20+20+40 0630010=0
Taking moment of all forces about the point. A we get

Resultant moment =20 x 0 + 20 x 2 + 40 x25-30x3 -10x5
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=0+40+100 090 050=140 8140=0

As the resultant moment is zero and also the resultant force on the
body is zero, the body will be in equilibrium. Ans.

3.8 EQUIVALENT SYSTEMS

An equivalent system for a given system of coplanar forces, i s a
combination of a force passing through a given point and a moment about
that point. The force is the resultant of all forces acting on the body. And
the moment is the sum of all the moments about that point.

Hence equivalent system consists of:

() asingl e force R passing through the given point P and
(i) asingle momentM r

where R = the resultant of all force acting on the body.

Mr = sum of all moments of all the forces about point P.

3.9 GENERAL CONDITIONS OF EQUILIBRIUN
BODIES UNDER COPLANAR FORCES

When some external forces (which may be concurrent or parallel) are
acting on a stationary body, the body may start moving or may start rotating
about any point. But if the body does not start moving and also does not
start rotating about any point, then the body* is said to be in equilibrium.

A stationary body which is sub  jected to coplanar forces (concurrent
or parallel) will be in equilibrium if the algebraic sum of all the external
forces is zero and also the algebraic sum of moments of all the external
forces about any pointin their plane is zero. Mathematically, itis  expressed
by the equations :

B&=0 6(3.1)
B( =0 6(3.2)

The sign t is known as sigma which is a Greek letter. This sign
represents the algebraic sum of forces or moments.

The equation (3.1) is also known as force law of equilibrium whereas
the equation (3.2) is known as moment law of equilibrium.

The forces are generall y resolved into horizontal and vertical
components. Hence equation (3.1) is written as
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B& =0 ée(3.3)
and B& =0 e(3.4)
where B & = Algebraic sum of all horizontal components
and B & = Algebraic sum of all vertical components
3.9.1. Equations of Equilibrium for Non -concurrent Forces

Systems. A non-concurrent force systems will be in equilibrium if the
resultant of all forces and moment is zero.

Hence the equations of equilibrium are
B& =0, B& =0and B- =0

3.9.2. Equations of Equilibrium for Concurrent Force System. For
the concurrent forces, the lines of action of all forces meet at a point, and
hence the moment of those force about that very point will be zero or
B - = Oaut omatically.

Thus for concurrent force system, the condition B- =0 becomes
redundant and only two conditions, i.e., B& =0 and B& =0 are required.
3.9.3. Force Law of Equilibrium. Force law of equilibrium is given

by equation (3.1) or b y equations (3.3) and (3.4). Let us apply this law to
the following important force system :

() Two force system
(i) Three force system
(i) Four force system.

3.9.4. Two Force System. When a body is subjected to two forces,
then t he body will be in equilibrium if th e two forces are collinear, equal
and opposite as shown in Fig. 3.20.

S
v

F1 Fi=F2 F2
- Fo=F
Fig. 3.20 Fig. 3.20(a) 2 '
If the two forces acting on a body are equal and opposite but are
parallel, as shown in Fig. 3.20(a), then the body will not be in equilibrium.

This is due to the fact that the three conditions of equilibrium will not be
satisfied. This is proved as given below:

() Here B& = 0 as there is no horizontal force acting on the body.
Hence first condition of equilibrium is satisfied.
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(i) Also here B& =0 asF1 =Fa».
Hence second condition of equilibrium is also satisfied:

(i) B- about any point should be zero. The resultant moment about
point Ais given by
Ma =-F2 x AB (- ve sign is due to clockwise moment)

But M a is not equal to zero. Hence the third conditi on is not satisfied.

Hence a body will not be in equilibrium under the action of two equal
and opposite parallel forces.

Two equal and opposite parallel forces produce a couple and moment
of the coupleis 0 F1 x AB (See Fig. 3.20(a)).

3.9.5. Three Force Sy  stem. The three forces acting on a body which
is in equilibrium may be either concurrent or parallel. Let us first consider
that the body is in equilibrium when three forces, acting on the body, are
concurrent. This is shown in Fig. 3.21.

F2
"""" o 4
R a" ’,
II
/
/
/
7
/
F1
Fay
Fig. 3.21
(a) When three forces are concurrent. The three con - current forces

F1, F2 and F 3 are acting on abody at  point O and the body is in equilibrium.
The resultant of F 1 and F: is given by R. If the force F 3 is collinear, equal
and opposite to the resultant R, then t he body will be in  equilibrium. The
force F3 which is equal and opposite to the resultant R is known as
equilibrant. Hence for  three concurrent forces acting on a body when the
body is in equilibrium, the resultant of the two forces should be equal and
opp osite to the third force.
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(b) When three forces are parallel. Fig. 3.22 shows

a body on which three parallel forces F 1, F2, and F 3 are acting and the body
is in equilibrium. If three forces F 1, F2, and F 3 are acting in the same
direction, then there  will be aresultant R = F1 + F2, + F3 and body will not
be in equilibrium. The three forces are acting in opposite direction and their
magnitude is so adjusted that there is no resultant force and body is in
equilibrium. Let us suppose that F, is acting in opposite direction as shown

in Fig. 3.22.

Now let us apply the three conditions of equilibrium :

() B& =0 asthereis no horizontal force acting on the body
(i) B& =0i.e., Fi1+F3=F>
(i) B- =0 about any point.

Taking the moments of F 1, F2 and F 3 about point A,
B- 0F2xAB +F3xAC
(Moment of F 3 is ant i-clockwise whereas moment of F > is clockwise)
For equilibrium, B- should be zero
ie., -Fo xAB+F3x AC=0

If the distances AB and AC are such that the above equation is
satisfied, then the body will be in equilibrium under the action of three
parallel forces.

3.9.6. Four Fo rce System . The body will be in equilibrium if the

resultant force in horizontal direction is zero (i.e., B & =0), resultant force
in vertical direction  is zero (i.e., B& =0) and moment of all forces about any
point in the plane of forces is zero (i.e., B- =0).

Problem 3.9. Two forces F 1 and F > are acting on a body and the body
isin equilibrium. If the magnitude of the force F 1 is 100 N and its acting at
O long x-axis as shown in Fig. 3.23, then determine the mag nitude and
direction of force F».

Sol. Given : 7 “
Force, F1 =100 N

The body is in equilibrium under the

N
action of two forces Fi1 and F ». F, =100

When two forces are acting on a body
and the body is in equilibrium, then the two
forces should be collinear, equal and Fig. 3.23
opposite.

C F2 = F1 =100 N
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The force F > should pass though O, and would be acting in the
opposite direction of F 1.

Problem 3.10. Three forces F 1, F2 and F 3 are acting on a body as
shown in Fig. 3.24 and the body is in equilibrium. If the magnitude of force
F3is 4 00 N, find the magnitude of force F 1 and F 2.

Sol. Given:
Force Fs =400 N.
As the body is in equilibrium, the resultant F, Fy

force in x -direction should be zero and also the
resultant force iny -direction should be zero.

30° 30°
(i) For B& =0, we get o
F1 cos 30° - F2 cos 30° =0
or F18F,=0 v
Fy=400 N
or Fi=F2 e (i) Fig. 3.24
(i) For B& =0, we get
F1 sin 30° + F2sin 30° - 400=0
or F1 x05+F2x0.5=400
or F1x0.5+F 2 x0.5=400 (CF2 =Fa)
or F1 =400 N. Ans.
Also F2 = F1 =400 N. Ans.
2nd Method

If three forces are acting on a body at
a point and the body is in equilibrium,
Lami's Theorem can be applied.

Using Lamids theorem

Fy=400 N

J J J

or F1 =F2 =400 N Ans. Fig. 3.25

Problem 3.11. Three parallel forces Fi1, F> and F 3 are acting on a body
as shown in Fig. 3.26 and the body is in equilibrium. If force F1 =250 N and
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Fs = 1000 N and the distance between Fi1 and F2 = 1.0 m, then
determine the magnitude of force F2 and the distance of F»from force Fs.

Sol. Given:

Force F1 =250 N Fy=250N F,=1000N
Force Fz =1000 N l l
Distance AB=1.0m vy B :

A C
The body is in equilibrium. — 1.0m—+— x —»|
Find F2 and distance BC. R

Fig. 3.26

For the equilibrium of the body, the

resultant force in the vertical direction should
be zero (her e there is no force in horizontal

direction).
C For B& =0, we get
Fi+F3s0F2=0
or 250+ 1000 -F2=0
or F> =250+ 1000 = 1250 N. Ans.

For the equilibrium of the body, the moment of all forces about any
point must be zero.

Taking moments of all forces about point A and co nsidering distance
BC = x, we get

F2xAB 0 ACxF3=0

or 1250x 1.0 6(1+ x)x1000=0 (CAC:AB+BC:1+ X)
or 1250 6 1000 6 1000x =0

or 250 = 1000 x

or X = —— = 0.25m. Ans.

Problem 3.12. The five forces F 1, F2, F3, F4 and F s are acting at a
point on a body as shown in Fig. 3.27 andt  he body is in equilibrium. If F 1
=18N,F 2=225N, Fs=15NandF 4 =30 N, find the force F s in magnitude
and direction.

Sol. Given:
Forces, F1 =18 N, F, =2.25N,
F; =16 N and F4=30N.
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Fy=15N

The body is in equilibrium. Find force F 5 F,=225N

in magnitude and direction. This problem can
be solved analytically and graphically.

1. Analytical Method

Let | = Angle made by force F s with
horizontal axis 0 -X.

As the body is in equilibrium, the
resultant force in x -direction and y -direction
should be zero.

() For B & =0, we get
F1+F2cos 45° - F4 cos30° dFscos[ =0

or 18 +22.5 x 0.707 030 x 0.866 0Fscos[ =0

or 18 +15.9 -25.98 -Fscos[ =0

or Fs cos[ =18+ 15.9 0 25.98

or Fs cos [ =7.92 e (i)

(i) For B& =0, we get

Fosin45°+F 3 0F4sin30° dFssin [ =0

or 22.5 x0.707+15 030 x05 -Fssin[ =0

or 159+15 -16 -Fssin [ =0

or Fs sin [ =15.9 e (i)
ogi _ 8

Dividing equation (ii) by equation (i), we get ogl 8
or tan [ =2.0075
C [ =tan -1 2.0075 = 63.52 °. Ans.
Substituting the value of 0 in equation (i), we get

Fs cos 63.52° = 7.92

) 8
¢ Fs = - = 17.76 N. Ans.
2. Graphical Method
(i) First draw a space diagram with given four forces Fi, F2, Fzand F 4.

at corre ct angles as shown in Fig. 3.28 (  a).

(i) Now choos6 a suita ble scale, day 1 cm =5 N for drawing a force
diagrams . Take any point O in the force diagram as shown in Fig. 3.28 (b).
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(iif) Draw line Oa parallel to force F 1 and cut Oa = F 1 = 18 N to the
same scale.

F;=15N

(a) Space diagram

(b) Force diagram

Fig. 3.28
(iv) From a, draw the line ab parallelto F> andcut ab =F> =225N

(v) From b, draw the line bc parallelto F 3 andcut bc =F3z =15N
(vi) From c, draw the line cd parallelto F 4 andcut cd =F4 =30 N

(vii) Now join d to O. Then the closing side do represents the force F 5
in magni tude and dir ection. Now measure the length do.

By measurement, length  dO = 3.55 cm.
CForce Fs = Length do Scale =3.55 x 5= 17.75N. Ans.

The direction is obtained in the space diag ram by drawing the force
Fs parallel toline dO.

Measure the angle [, whichisequal to63.5°. Ortheforce F s is making
an angle of 180 + 63.5 = 243.5° with the force F 1.

Problem 3.13.  Fig. 3.28(c) shows the coplanar system of forces acting
on aflat plate. Determine : (i) the resultant and (ii) x and y intercepts of the
resultant.

Sol. Given :
Force at A=2240N
Angled with x-axis =63 .43°
Force at B =1805N
Angled with x-axis = 33.67°

Forced at C=1500 N -
; X

Angled with x-axis =60 ° \

Lengths OA=4m 2240 N

Fig. 3.28(c)
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DB=3m
DC=2m
OD=3m.
Each force is resolved into X and Y componen ts as shown in Fig. 3.28
(d).
(i) Force at A = 2240 N.
Its X -component = 2240 x cos 63.43° =1001.9 N
Its Y -component = 2240 x sin 63.43° = 2003.4 N
(i) Force at B = 1805 N.
Its X - component = 1805 x cos 33.67° = 1502.2 N
Its Y -component = 1805 x sin 33.67° =1000 .7 N
(iii) Force at C= 1500 N.
Its X -component = 1500 x cos 60° =750 N
Its Y -component = 1500 x sin 60° = 1299 N
The net force along X -axis,
Y =FB& =1001.9 01502.2 6 750= - 1250.3 N
The resultant force is given by,

Y =FB& =-2003.4 61000.7 +1299= - 1705.1N

(i) The resultant force is given by,

R= 2 2 = P ¢ WTT p X U

=Mpuv@oggmmuX &@K4.4N. Ans.

e 1209 N 11000.7 N
750 N T l 1502.2 N
C B :
4— 2 m—>|
DI
3m .
l 1001.9 N
o A > :
Pl 4 s X

2003.4 N

Fig. 3.28(d)
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The angle made by the resultant with X-axis is given by
8
tan | :—:—8:1.363
C [ =tan -1 1.363 = 53.70

The net moment* about point O,
- .=2003.4 x4 +1000.7 x3-1299 x 2 -1502.23 0750 x 3
=8012.16 + 3002.1 02598 - 4506.6 9 2250
=11014.26 - 9364.6 = 1659.55 Nm

As the net moment about O is clockwise, hence the resultant must
act towards right of origin O, making an angle = 53.7° wit h x-axis as shown
in Fig. 3.28(e). The components 2 and 2 are also negative. Hence this

condition is also satisfied.
(i) Intercepts of resultant on x  -axis and y -axis (Refer to Fig. 3.28(e)).
Let x = Intercept of resultant along X-axis.
y = Intercept of resultant alongy  -axis. T"_”

The momen t of a force about a point is equal
to the sum of the moments of the compo nents of
the force about the same point. Resolv ing the

R, (=1705.1 N)

resultant (R) into its component, 2 and 2 atF.
Moment of R about O = Sum of moments of R,= 12503
2 and 2 atO 5
But m oment of R about O VA,
=1659.66 ( - =1659.66) Fig. 3.28(e)
C 1659.66= 2 xO+ 2 xXx
(as 2 at F passes through O hence it has no moment)
C 1659.66 = 1705.1 x X (C2 =1705.1)
C X = Z = 0.97 m right of O. Ans.
To find y -intercept, resolve the resultant R at G into its component 2
and 2 .
C Moment of R about O = Sum of moments of 2 and 2 at O
or 1659.66= 2 xy+ 2 xO.

(At G, 2 passes through O and hence has no moment)
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C 1659.66 = 1250 .3 xvy

8
8

C y = = 1.32 m below of O. Ans.

Problem 3.14. A lamp weighing 5 N is suspended from the ceiling by
a chain. It is pulled aside by a horizontal cord until the chain makes an
angle of 60° with the ceiling as shown in Fig. 3.29. F  ind the tensions in the
chain and the cord by applying Lami's theorem and also by graphical
method.

Sol. Given :
Weight of lamp =5 N
Angle made by chain with ceiling = 60°
Cord is horizontal as shown in Fig. 3.29.

() By Lami's theorem
Let T1 = Tension (or p ull) in the cord
T2 = Tension (or pull) in the chain.

b O
T 5N
a
(b) Space diagram (c) Force diagram

Fig. 3.29

Now from the geometry, it is obvious that angles between T, and lamp
will be 90°, between lamp and T > 150° and between T > and T 1 120°.

[Refers to Fig. 3.29(b)]

Applying Lami's th eorem, we get

J

Sl

J

C Ty =5x

%2.887 N. Ans.

and T, =5 x

J:J 5.774 N. Ans.
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(it) By Graphical method

(1) First draw the space diagram at correct angles as shown in Fig.
3.29(b). Now choose a suitable scale say 1 cm = 1 N for drawing a force
diagram as shown in  Fig. 3.29(c). Take any point in the force diagram.

(2) From O, draw the line O a vertically downward to represent the
weight of the lamp. CutO a =5 N.

(3) From a, draw the line ab parallel to T >. The magnitude of T > is
unknown. Now from O, draw the line O b horizontally (i.e., parallel to T 1)
cutting the line  ab at point b.

(4) Now measure the lengths ab and bO.

Then ab represents T > and bO represents T 1. By meas urements, ab =
5.77cm and bO=2.9 cm.

C Pullinthecord= bO=29cm xscale=29 x1
= 2.9 N. Ans.
Pull in the chain =ab =5.77cm xscale=5.77 x1
=5.77 N. Ans.
Problem 3.15. On a horizontal line PQRS 12 cm long, where PQ =0OR

= RS = 4cm, forces of 1000 N, 1500 N, 1000 N and 500 Nare acting at P, Q,
R and S respectively, all downwards, their lines of action making angles of
90°, 60°, 45° and 30° respectively with PS. Obtain the resultant of the
system completely in magnitude, direction and position graphically and
check the answer analytically.

Sol. Given:
PQ=QR=RS=4cm
Force at P = 1000 N. Angle with PS = 90°
Force at Q = 1500 N. Angle with QS = 60°

Space diagram

2

1000 N

P=

P ax R S
K——4cm—~>|<———4cm—->}<——4cm——>i

Fig. 3.30(a)
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Force diagram
Scale:1cm=500N

e (o)
Fig. 3.30(b)
Force at R = 1000 N. Angle with RS = 45°
Force at S =500 N. Angle with PS = 30°

Graphical method

Draw the space diagram of the forces as shown in Fig. 3.30(a). The
procedure is as follows:

(i) Draw a horizontal line PQRS = 12 cm in which take PQ = QR = RS
=4 cm.

(i) Draw the line of action of forces P, Q, R, S of magnitude 1000 N,
1500 N, 1000 N and 500 N respectively at an angle of 90°, 60°, 45° and 30°
respectively with line PS  as shown in Fig. 3.30 ( a).

Magnitude and Direction of Resultant Force (R*)

To find the magnitude and direction of the resul tant force, the force
diagram is drawn as shown in Fig. 3.30(a) as given below:

(i) Draw the vector ab to represent the force 1000 N to a scale of 1 cm
=500 N. The vector ab is parallel to the line of action of force P.

(i) From point b, draw vector, bc = 1500 N and parallel to the line of
action of force Q. Similarly the vectors, cd = 1000 N and parallel to line of
action of force R and de =500 N and parallel to the line of action of force S,
are drawn.

(iii) Join ae which gives the magnitude of the res  ultant. Measuring ae,
the resultant force is equal to 3770 N.

(iv) To get the line of action of the resultant, choose any point on force
diagram (called the pole) and join O a, Ob, Oc, Od and O e.

(v) Now choos e any point X 1 on the line of action of force P and draw
aline parallelto O a.

(vi) Also from the point X1 draw another line parallelto O b, which cuts
the line of action of force Q at X2 Similarly from point X 2, draw a line parallel
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to Oc to cut the line of action of force R at X 3. From point X 3, draw a line
parallel to O d to cut the line of action of force S at X 4:

(vii) From point X 4, draw a line parallel O e.

(viii) Produce the first line (i.e., the line from X 1 and parallel to O a)
and the last line (i.e., the line from X 4 and parallel to O e) to inte rest at X.
Then the resultant must  pass through this point.

(ix) From point X, draw a line parallel to ae which determines the line
of action of resultant force. measure PX. By measurements:

Resultant force, R*=3770 N

Point of action, PX=4.20 cm

Direction, | =60° 30" with PS.
Analytical method

In analytical method, all the forces acting can be resolved horizontally
and ver tically. Resultant of all vertical and horizontal forces can be
calculated separately and then the final resultant can be o btained.

Resolving all forces and considering the system for vertical forces only.

Vertical force at P =1000 N

Vertical force at Q 1500 sin 60° = 1299 N

Vertical force at R 1000 sin 45° =707 N
Vertical force at S =500 sin 30° =250 N

The vertical f orces are shown in Fig. 3.31.

1000 N 1299N R, 707 N 250N
P Q X R S
l¢—— 4 cm ——Pj¢—— 4 cm ——Pj¢—— 4 cm —H
e A ————|
Fig. 3.31
Let 'Y = the resultant of all vertical forces and acting at a distance X

cm from P.
= 1000 + 1299 + 707 + 250 = 3256 N
Taking moments of all vertical forces about point P,

Y x x=1299 x 4+ 707 x 8 + 25012 = 13852
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C X = — = 4.25 cm

Now consider the system for horizontal forces only,
Horizontal forceatP =0
Horizontal force at Q = 1500 x c0s 60° =750 N
Horizontal force at R = 1000  x cos 45° =707 N
Horizontal force at S =500 % cos 30° =433 N
Resultant of a |l horizontal forces will be,

'Y =0+750 + 707 +433=1890 N

The resultant R* of Y “ and 'Y * will also through point X which is at
a distance of 4.25 cm from P.

Z

CR*= Y Y '=WMocgu L pyYwna3764N.Ans.

The resultant will make  an angle [ with PS and is given by

z

tan [ =— =—— =1.723

C [ =tan -1 1.723 = 59.9*

Then the resultant of 3764 N makes and angle 59.9* with PS and
passing through poin t X which is at a distance of 4.25 cm from point P.

The result confirms closely with the values obtained by graphical
method.
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STUDENT ACTIVITY

1. Explain the terms : Momentum of a body.

2. Define and explain the Newton Laws of motion for linear motion.
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SUMMARY

10.

11.

12.

13.

Parallel forces are having their lines of action parallel to each other.

The moment of a force about any point is the product of force and
perpendicular distance between the point and line of action of force.

Anti -clockwise moment is taken +ve whereas clockwise moment is taken

-ve.

Varignonds principle states that the mom
equal to the algebraic s um of moments of its components about that
point.

Like parallel forces are parallel to each other and are acting in the same
direction, whereas the unlike parallel forces are acting in opposite
direction.

The resultant of two like parallel forces is the su m of the two forces and
acts at a point between the line in such a way that the resultant divides

the distance in the ratio inversely proportional to the magnitudes of the
forces.

When two equal and opposite parallel forces act on a body at some
distance apart, the two forces form a couple which has a tendency to
rotate the body. The moment of this couple is the product of either one of

the forces and perpendicular distance between the forces.

A given force F applied to a body at any point A can always be r eplaced
by an equal force applied at another point B in the same direction together

with a couple.

If the resultant of a number of parallel forces is not zero, the system can

be reduced to a single force, whose magnitude is equal to the algebraic

sum of al | forces. The point of application of this single force is obtained

by equating the moment of this sing le force about any point to the
algebraic sum of moments of  all forces acting on the system about the
same point.

If the resultant of a number of paralle | forces is zero, then the system may
have a resultant couple or may be in equilibrium. If the algebraic sum of
moments of all forces about any point is not zero, then system will have
aresultant couple.  But if the algebraic sum of moments of all forces a bout
any point is zero, the  system will be in equilibrium.

The principle of equilibrium states that a stationary body will be in
equilibrium if the algebraic sum of all the forces is zero and also the
algebraic sum of moments of all the external forces is zero.

The conditions of equilibrium are written mathematically as B& =0,
B& =0, and B- =0. The signis known as sigma and this sign represents

the algebraic sum.

When a body is subjected to two forces, the body will be in equilibrium if

the two forces are collinear, equal and opposite.
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14. Two equal and oppos ite parallel forces produces a couple whose moment
is equal to either force multiplied by their perpendicular distance.

15. If three concurrent forces are acting on a body and the body is in
equilibrium, then the resultant of two forces should be equal and opp osite
to the third force.

16. Free body diagram of a body is a diagram in w hich the body is completely
isolated from its support and the supports are replaced by the reactions
which these supports exert on the body.

TEST YOURSELF

(A) Theoretical Problem

1. Define the terms : Coplanar parallel forces, like parallel forces and unlike
parallel forces.
2. Define and explain the moment of a force. Differentiate between clockwise
moment and anti -clockwise moment.
3. (a) State the Varignon's principle. Also give the proof of Varignon's
principle.
(b) Differentiate between :
(i) Concurrent and non  -concurrent forces,
(i) Coplanar and non -coplanar forces,
(iii) Moment of a force and couple.

4. Define moment of a force about a point and show that the algebraic sum
of the moments of two coplanar  forces about a point is equal to the
moment of their  resultant about that point.

5. What are the different types of parallel forces ? Distinguish between like
and unlike parallel forces ?

6. Prove that the resultant of two like parallel forces F 1and F2 is F1 + Fo.
prove that the resultant divides the line of jo ining the points of action of
F1 and F2 internally in the inverse ratio of the forces.

7. Prove that in case of two unlike parallel forces the resultant lies outside
the line joining the points of action of the two forces and on the same side
as the larger force.

8. Describe the method of finding the line of action of the resultant of a
system of parallel forces.

9. The resultant of a system of parallel forces is zero, what does it signify ?

10. Describe the method of finding the resultant of two unlike parallel forces
which are equal in magnitude.

11. Prove that a given force F  applied to a body at any Point A can always be
replaced by an equal force applied at another point B together with a
couple.

12. State the principle of moment.

13. Indicate whether the following statements are True or False.

(i) Force is an agency which tends to cause motion.
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(i) The tension member of a frame work is called a street

(i) The value of g reduces slightly as we move from poles towards the
equator.

(iv) Coplanar forces arc those which have the same magnitude and
direction.

(v) A couple consists of two unequal and parallel forces acting on a
body, having the same line of action.

(vi) A vector diagram of a force represents its magnitude, direction,
sense and point of applic ation.

(vii) The force of gravitation on a body is called its weight.

(viii) The cenre of gravity of a body is the point, thought which is resultant
of parallel forces passes is whatever position may the body by
placed.

[Ans. (i) True, (ii) False, (iii) True, (iv) Fals e, (v) False,
(vi) False, (vii) True, (viii) True)

14. Define and explain the terms. Principle of equilibrium, force law of
equilibrium and moment law of equilibrium
15. A number of forces are acting on a body. What are conditions of
equilibrium, so that the body is in equilibrium ?
16. Two forces are acting on a body and the body is in equilibrium. What
conditions should be fulfilled by these two forces ?
17. How will you prove that a body will not be in equilibrium when the body
is subjected to two forces which are equa | and opposite but are parallel ?
18. Expl ain the statement o0Two equal and op|
a coupl ebod.
19.
(a) What conditions must be fulfilled by a set of three parallel forces which
are acting on a body and body is in equilibrium ?
(b) State the graph ical conditions that must be satisfied for the equilibrium
of a system of coplanar forces.

(B) Numerical Problems

1. Four forces of magnitudes 20 N, 40 N, 60 N and 80 N are acting
respectively along the four sides of a square ABCD as shown in Fig. 3.32.
Deter mine the resultant moment about point A.

Each side of square is 2 m. [Ans. 200 Nm anti -clockwise]

60N p cT

A
80N

<———2m——>| 20N
Fig. 3.32
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2. Aforce of 50 N is acting at a point A as shown in Fig. 3.33. Determine the
moment of this force about O.

[Ans. 100 Nm clockwise ]

vA
A
so/
L--30°
o ‘ X
—am— Lo

3. Three like parallel forces 20 N, 40 N and 60 N are acting at points A, B

and C respectively on a straight line ABC. The distances are AB =3 m
and BC =4 m.

Find the resultant and also the distance of the resultant from point A on
line ABC. [Ans. 120N, 4.5m ]

4. The three like parallel forces 101 N, F and 300 N are acting as shown in
Fig. 3.34. If the resultant R = 600 N and is acting at a distance of 45 cm
from A then find the magnitude of force F and distance of F and A.

[Ans. 200N, 30cm ]

R=600N
100N F 300N
A '
I .
A B ILC D
< X ——D]
[—— 45 cm —>j¢— 25 cm —|
Fig. 3.34

5. Four parallel forces of magnitudes 100 N, 200 N, 50 N and 400 N are
shown in Fig. 3.35. Determine the magnitude of the resultant and also
the distance of the resultant from point A.

[Ans.R=350N,3.07m ]

100N 200N 50N 400N
A B G |D
I 1 m >le—1.5 m—>le 1 m -3
Fig. 3.35
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6. A system of parallel fo rces are acting on a rigid bar as shown in Fig. 3.36,
Reduce this system to :
0] a single force
(i) a single force and a couple at A
(i)  asingle force and a couple at B.

Ans. () R=120 N at 2.83 m from A
(IR=120Nand M A =- 340 Nm
(iR=120Nand M g =120 Nm)

20 N 100 N 40N 80 N

——p

A C D B
J
k—1m—*—1m—>{4————2m———-’{
Fig. 3.36

7. Five forces are acting on a body as shown in Fig. 3.37. Determine the
resultant .
[Ans. R =0, Resultant couple =10 Nm ]

20 N 20N 40N 30N 10N
#A B o) D E
— 2.5 M el Pl 1 M —
i 05 m tm
2m T‘{
Fig. 3.37

8. Determine the resultant of the parallel forces shown in Fig. 3.38.
[Ans. Body is in equilibrium]

10N 40N 30N 10N 10N
A
0.5m 0.5m
k————Zm— 1.0m—>|1—>|
Fig. 3.38

Self-Instructional Material




Applied Mechanics

9. Three forces F 1, F2> and F 3 are acting on a body as shown in Fig. 3.39 and
the body is in equilibri um. If the magnitude of force F 3 is 250 N, find the
magnitudes of force F 1 and F ».

[Ans. F=125N and F2 = 215.6 N]

P
100 N
30° 0

ON 15°

200 N
F;=250N
Fig. 3.39 Fig. 3.40
10. Three fo rces of magnitudes P, 100 N and 200 N are acting at a point O as

shown in Fig. 3.40. Determine the magnitude and direction of the force
P.

[Ans. P=147Nand0=76.8° ]
11. Three parallel forces Fi1, F2 and F 3 are acting on a body as shown in Fig.
3.41 and the body is in equilibrium. If force F 1 =300 Nand F 3 =1000 N
and the distance between Fi: and F> = 2.0 m, then det ermine the
magnitude of force F > and dis tance of F 3 from force F ».
[Ans. 1300 N, 0.6 m ]

F,=300N Fy = 1000 N

v
j— 2m X*-O’

Fq

Fig. 3.41

12. Three forces of magnitude 40 kN, 15 kN and 20 kN are acting at a point
O. The angles made by 40 kN, 15 kN and 20 kN forces with x -axis are
60°, 120° and 240° respectively. Determine the magnitude and direction
of the resultant force,

[Ans. 30,41 kN and 85,28° with  x-axis]

13. A lamp weighing 10 Ni s suspended from the ceiling by a chain L dtis
pulled aside by a horizontal cord until the chain makes an angle of 60°
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with the ceiling. Find  the tensions in the chain and the cord by applying
Lami's theorem and also by graphical method.
[Ans. 11.54 Nan d5.77 N ]
14. Draw the free -body diagram of a ball of weight W supported by a string
AB and resting on a smooth horizontal surface at C when a horizontal
force is applied to the ball as shown in Fig. 3.42.

Fig. 3.42 Fig. 3.43
15. A circular roller of weight 1000 N and r adius 20 cm hangs by a tie rod
AB = 40 cm and rests against a smooth vertical wall at C as shown in
Fig. 3.43. Determine the tension in the tie rod and reaction R c at point
C.

[Ans. 1154.7 N and 577.3 N]
16. In problem 6 if radius of ball =5 cm, length of st ring AB = 10 cm, weight
of ball W= 40 N and the horizontal force F= 30 N, then find the tension
the string and vertical reaction R ¢ at point C.
[Ans. 34.64 N and 57.32 N]
17. A smooth circular cylinder of weight 1000 N and radius 10 cm rests in a
right -angled groove whose sides are inclined at an angle of 30° and 60°
to the horizon tal as shown in Fig. 3.44. Determine the reaction R A and
Rc at the points of contact,
[Ans. RA =500 N, Rc = 866.6 N]

0
Fig. 3.44

18. If in the above problem, the sides of the groove ma kes an angle of 45°
with the horizontal, then find the reactions R aandRec.

[Ans. Ra =R¢ =707 N]
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4 FRICTION

LEARNING OBJECTIVES

Concept of Friction

Limitation Friction and Co-efficient of Friction
Types of Friction

Laws of Solid Friction

Numerical Problems on Sliding Friction
Angle of Repose

Sliding Friction on a Rough Inclined Plane

= =4 -4 -8 -8 -8 -9

4.1 CONCEPT OF FRICTION

When a solid body slides over a stationary solid body, a force is
exerted at the surface of contact by the stationary body on the moving body.
This force is called the force of friction and is always acting in the direction
opposite to the direction of motion. The property of the bodies by virtue of
which a force is exerted by a stationary body on the moving body to resist
the motion of the moving body is called friction. Friction acts parallel to the
surface of contact and depends upon the nature of surface of contact.

4.2 LIMITING FRICTION AND-EEFICIENT OF
FRICTION

For defining the terms like co  -efficient of friction (  {) limiting friction
and angle of friction ( n), consider a solid body placed on a harizantal nlane
surface as shown in Fig. 4.1.

W Solid
Let W =Weightof body acting through i a” body
C.G. downward, aa [ T°
R = Normal reaction of body NCCcccccists il /m‘//
Acting through C.G.u pward, (Forge‘c;f— Horizontal
P = Force acting on the body fricton) |R  plane

Fig. 4.1 Solid body on
horizontal surface
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Through C.G. and parallel to
the horizontal surface.
If P is small, the body will not move as the force of friction actin on
the body in the direction opposite to P will be more than P. But if the
magnitude of P goes on increasing a stage comes, when the solid bod  yison
the point of motion. At  this stage, the force of friction acting on the body is

called limiting force of friction . The limiting force of friction is denoted by
F.
Resolving the forces on the body v  ertically and horizontally, we get
R=W
F=P

If the magnitude of P is further increased the body will start moving.
The force of friction, acting on the body when the body is moving, is called
kinetic friction

4.2.1. Co -efficient of Friction ( ) It is defined as the ratio of the
limiting force of friction ( F) to the normal reaction ( R) between two bodies.
It is denoted by the symbol (. Thus

_, EIEOETC A O"A 1 & AOEAOQEII
t= Nor mal reac._ i on
C F=tR é(4.1)

4.2.2. Angle of F riction

Itis defined as the angle made by the

i W
resultant of the normal reaction ( R) and the |
limiting force of friction ( F) with the normal *
reaction ( R). It is denoted by n. Fig. 4.2 C.G. i
shows a solid body resting on a rough TIIITITIIIIIZIIIII7777
horizontal plane. F
R S

Let S = Resultant of the normal
reaction ( R) and limiting force of friction ( F) F

Then angle of friction = 1. Fig. 4.2

= Angle between S and R

From Fig. 4.2, we have
{

tan N =—= [CF = {R from (4.1)]
=t = Co-efficient of friction e(4. 2)
Thus t he tangent of the angle of friction is equal to the co -efficient of

friction .

A block of weight W is placed on a rough horizontal plane surface
shown in Fig. 4.3 and a force P is applied at an angle [ with the horizontal
such that the block justtendsto  move.
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Let R = Normal reaction
t = Co-efficient of friction IW
F= Force of friction
=i R 0

_wP

In this case the normal reaction R ey oy
will not be equal to weight of the body. The *——T/——
normal reaction is obtained by resolving F=uR
the forces on the block horizontally and R
vertically. The force P in resolved in two
components i.e., P cos [ in the horizontal

direction and P sin [ in the vertical
direction.

Fig. 4.3

Resolving forces on the block horizontally, we get
F=Pcos|[
or tR=Pcos | é (i )XF=tRJ

Resolving forces on the block horizontally, we get

R+Psin[ =W
C R=WdPsin [

From equation (ii), it is clear that normal reaction is not equal to the

weight of the block.

If the equation (ii), the value of W, P and [ are known, the value of
normal reac tion ( R) can be obtained. This value of R can be substituted in
equation ( i) to deter mine the value of co -efficient of friction t.

Note. (i) The force of friction is always equal to tR(i.e.,, F={R).

(i) The normal reaction ( R) is not equal to the wei ght of the body
always,

4.3 types of friction

The friction is divided into following two types depending upon the
nature of the two surfaces in contact:

1. Static friction, and
2. Dynamic friction.

If the two surfaces, which are in contact, are at rest, the force
experienced by one surface is called static friction. But if one surface starts
moving and the otheris at  rest, the force experienced by the moving surface
is called dynamic friction. If between the two surfaces, no lubrication (oil or
grease) is used, the friction, that exists between two surfaces is called 'Solid
Friction' or 'Dry Friction'.
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4.1 CONEPT OF FRICTION

The friction, that exists between two surfaces, which are not
lubricated, is known  as solid friction. The two surfaces may be at rest or
one of the surface is moving and other surface is at rest. The following are
the laws of solid friction

1. The force of friction acts in the opposite direction in which surface is
having tendency to move .

2. The force of friction is equal to the force applied to the surface, so long
as the surfaceis atrest .

3. When the surface is on the point of motion, the force of friction is
maximum and this maximum frictional force is cal led the limiting
friction force.

4. The limiting frictional force bears a constant ratio to the normal reaction
between two s urfaces.

5. The limiting frictional force does not depend upon the shape and areas
of the surfaces in contact.

6. The ratio between limiting friction and normal reaction is slightly less
when the two surfaces are in motion

7. The force of friction is independent o f the velocity of sliding.

The above laws of solid friction are also called laws of static and dynamic
friction.

4.5 NUMERICAL PROBLEMS ON SLIDING FRIC

Problem 4.1. A body of weight 100 Newtons is placed on a rough
horizontal plane. Determine the co -efficient of friction if a horizontal force
of 60 Newtons just causes the body to slide over the horizontal plane.

Sol. Given:
Weight of body, W =100 N
Horizontal force applied, P=60N
C Limiting force of friction,

F=P=60N N
Let t = Co-efficient of friction. W =100
The normal reaction of the body is given as __P_is.ON

R=W=100N 77777
Using equation (4.1) F

R

F=1R on Fig. 4.4

or { =—=—=0.6. Ans.
Problem 4.2. A body of weight 200 N is place d on a rough horizontal

plane. If the co -efficient of friction between the body and the horizo ntal plane
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is 0.3, determine the horizontal force required to just slide the body on the
plane.

Sol. Given:

Weight of body, W =200 N
Co-efficient of friction , t =0.3
Normal reaction, R=W=200N

Let F = Horizontal force which causes the body to just slide over the plane
Using equation (4.1),
F=tR=0.3x 200= 60 N. Ans.
Problem 4.3. The force required to pull a body of weight 50 N on a

rough h orizontal plane is 15 N. Determine the co -efficient of friction if the
force is applied at a n angle of 15 J with the horizontal.

Sol. Given: -
Weight of the body, W =50N
Force applied p=15N /ﬁéN
15°
Angle made by the force P, with horizontal,
[ =15J 777 T IITIITII?77777
Let the ¢ o-efficient of friction =t ks
Normal reaction =R ¥ s
Fig. 4.5
When a force equal to 15 N is applied to the body at an angle 15 Jto
the horizontal, the body is on the point of motion in the forward direction.
Hence a force of friction equalto { R will be actingint he backward direction.
The body isin equilibrium under the action of the forces shown in Fig. 4. 5.
Resolving the forces along the plane, {R =15 cos 15° e (i)

Resolving the forces normal to the plane

R + 15 sin 15° =50

C R=50 - 15sin15°=50 - 15 x 0.2588
=46.12 N
Substituting the value of R in equation ( i), we get

{ x 46.12 = 15 cos 15°

. J
¢ t=— =‘“":""“=‘*’o.314.Ans.

Probim 4.4. A body of weight 70 N in placed on a rough horizontal
plane. To just move the body on the h orizontal plane, a push of 20 N
inclined at 20° to the hori ~ zontal plane is required. Find the co  -efficient of
friction.

Sol. Given:
Weight of body, W =70N
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Force applied P=20N tR o
Inclined of P, ] =203
=3
Let t = Co-efficient of f riction
R = Normal rez_;lct_lon TITTTITITTIVI777 D777
F = Force of friction = {R. F=pR
,L 70N
Fig. 4.6
When a push of 20 N at an angle 20° to the horizontal is applied to
the body, the body is just to move towards left. Hence a force of friction F=
i R, will be acting towards right as shown in Fig. 4.6.
Resolving forces along the plane, t R =20 cos 20° e (i)
Resolving forces normal to the plane, R =70 + 20 sin 20°
=70+20 x0.342=70 +6.84
=76.84

Substituting the value of R in equation (i),
t x 76.84 = 20 cos 20°
t =

i CT TBO WX
3 = 5 = 0.244. Ans.

Problem 4.5. A block of weight W is placed on a rough horizontal
plane surface as shown in Fig. 4.7 and a force P is applied at an angle |
with the horizontal such that the block just tends to mov  e. Prove that the
force P will be the least if the angle [ is equal to the angle of friction .

Sol. Given :
Weight of block =W W P
Force applied =P 1 <
Inclination of force =
TP 777777777, rTr7 777777

Let R = Normal reaction F=pR

t = Co-efficient of friction R

F = Force of friction ={R. Fig. 4.7
The forces acting on the block are shown in Fig. 4.7.
Resolving forces vertically, we get

R+Psin[ =W
or R=W-Psin | e (i)
Resolving forces horizontally, we get
Pcos[ =F=tr (CF=tR) é (i i)

Substituting the value of R fr  om equation ( i), the equation (ii) becomes as

Pcosf =t [W&Psin [] 6(iii)

But from equation (4.2), we know

t =tan N
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where N = angle of friction.
Substituting the value of  { in equation (iii), we get

Pcos[ =tan n W OPsin [)

OEnT\NaP _

= = . n

AInD( sin )

or Pcos[ cosn=Wsin n dPsin [ sin n

or Pcos[ cosin+Psin [ sin n=Wsin n

or P(cos[ cosin +sin [ sin N)=Wsin n

or Pcos ([ -n)=Wsin N [Ccos [ cos n +sin [ sin N =cos ([ -N)]
¢ Pz ——
The force P will be least, if the denominatori.e ., cos( - N)is maximum

But cos (J - n) will be maximum, if

cos( -n)=1
or [on=0
or ] =n

C Pieast = W sin n or W sin I

Hence the force P will be le ast if the angle of inclination of P with the
horizont al is equal to the angle of friction n.

Problem 4.6. A man wishing to slide a stone block of weight 1000 N
over a horiz ontal concrete floor, ties a rope to the block and pulls it in a
direction incline d upward at an angle of 20 Jto the horizontal. Calculate the
minimum pull necessary  to slide the block if the co -efficient of friction t =
0.6. Calculate also the pull required if the inclination of the rope with the
horizontal is equal to the angle of fri ction and prove that this is the least
force required to slide the block.

Sol. Given:
Weight, W = 1000 N '
Angle with horizontal, [ =20° | - gl
Co-efficient of friction, t =0.6 ' 7
) W P cos 6

Let P = Force applied 7777TI IR T I T T T

R = Normal reaction r el

F = Force of friction= {R RFig. 4.8

The forces acting on the block are shown in Fig. 4.8.

Resolving forces horizontally,

Pcos| =R
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or Pcos20J=0.6 xR e (i)
Resolving forces vertically, R+ Psin [ =W

or R + P sin 20 J=1000
or R =1000 6 Psin20J e (i)

Substitut ing the value of R in equation ( i), we get

P cos 20J=0.6 (1000 o P sin 20 J)
=600 60.6 Psin20J

or Pcos20J+ 0.6 Psin20 J=600
or P (cos 20J+ 0.6 x sin 20 J) = 600 e (iii)
¢ P= J8 J: 8 8 8
= 3 = 524 N. Ans.

Pull required if the inclination of the rope with the horizontal is equal
to angle of friction.

Let f =angle of friction
= The angle made by rope with horizontal (given) = 20°

If in equation (iii), the angle 20° is replaced by angle f, then we get
the force required to pull the body as,

P (cosf +0.6sin f)=600

¢ PE——%

The force P will be minimum, if (cos f +0.6sin f)is maximum.

But (cos f + 0.6 sin f) will be maximum if

—f(cosf +0.6sin f) =0 or ~-sinf +0.6cos f=0
or 0.6cos f =sin f or 0.6= —; =tan f
But 0.6 = m Hence force P will be minimum if tan f = m=0.6 (Proved)
Now tan f =0.6
C f =0AT10.6=30.96°

Substituting this value of f in equation (iv), we get

P= 8 J8 8 J 8 8 8

=5 - 514.5 N. Ans
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4.6 ANGLE OF REPOSE

The angle of repose is defined as the maximum inclination of a plane at
which a body remains in equilibrium over the inclined plane by the assistance
of friction only.

Consider a body of weight W, resting on a rough inclined plane as
shown in Fig. 4.9.

Fig. 4.9

Let R = Normal reaction acting at right angle to the inclined plane.
| = Inclination of the plane with the horizontal
F = Frictional force acting upward along the plane.

Let the angle of inclination (| ) be gradually increased, till the body just
starts sliding down the plane. This angle of inclined plane, at which a b ody
just begins to slide down the plane, is called angle of repose.

Resolving the forces along the plane, we get

Wsin| =F (1)
Resolving the forces normal to the plane, we get

Wcos| =R (i)
Dividing equation (i) by equation (ii),

——=—ortan | =— ...(iif)
But from equation (4.2), we know

tan f = - .(Iv)

Where f = angle of friction.

Hence from equations (iii) and (iv), we have
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tan A = tan
or A £

or Angle of repose = Angle of friction.

4.7 SLIDING FRICTION ON A ROUGH INCLIN
PLANE

In art, 4.5 we have studied that if the inclination of the pla ne, with the
horizontal, is less than the angle of friction, the body will remain in
equilibrium without any external force. If the body is to be moved upwards or
downwards in this condition on friction external force is required. But if the
inclination of the plane is more than the angle of friction, the body will not
remain in equilibrium. The body will move downward and an upward external
force will be required to keep the body in equilibrium.

Such problems are solved by resolving the forces along the pl ane and
perpendicular to the planes. The force of friction (F), which is always equal to
MR is a acting opposite to the direction of motion of the body.

Problem 4.7. Prove that the angle of friction (  f) is equal to the angle
made by an inclined plane with the horizontal when a solid body, placed on
the inclined plane, is about to slide down.

Sol. A solid body of weight, W is placed on an inclined plane AC as
shown in Fig.4.10.

Let | = Angle of the inclined plane AC with horizontal plane AB, such
that body just starts moving downward.

The body is in equilibrium under the action of following forces:

1. Weight of the body (W) acting R Solid body

vertically downwards.
2. Normal re action (R), acting
perp endicular t o the inclined

plane, AC.
3. The force of friction, F = R,
acting up the plane as the body
is about to slide down the plane. Fig. 4.10
The weight, W can be resolved in two component one along the plane
and other perpendicular to the plane. The components are Wsin | W cos |
respectively.
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As the body is in equilibrium, the forces along the perpendicular to the
inclined plane are :

Dividing ———=—=m
or tan| =m
But from equation (4.2), we have
tan f =m
Where f = angle of friction
\ tan | =Tan f =m
or | =f.

The above relation shows that the angle of friction is equal to angle of
the inclined plane when a solid body, placed on the inclined plane is about to
slide down .

Problem 4.8. a body of weight 500 N is pulled up an inclined plane, by
a force of 350 N. The inclination of the plane is 30° to the horizontal and the
force is applied parallel to the plane. Determine the co -efficient of friction.

Sol. Given:

Weight of body, @ W = 500 N

Force applied, P=350N
Inclination, | =30°
Let m= Co-efficient of Q friction

R = Normal reaction
F = Force of friction = nR.

The body is in equilibrium under the action of the forces shown in Fig.
4.11. b

500 cos 30° N

J
Fig. 4.11 Body moving up
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Resolving forces along the plane,
500 sin 30° + F = 350
or 500 sin 30°+ nR =350
Resolving forces normal to the plane,
R =500 cos 30°= 500 x .866 = 433 N
Substituting the value of R in equation (i), we get

500 sin30°+ mx433 =350

or 500 x 0.5+ 433 m= 350
or 433 m=350 0500 x0.5=350 06250 =100
\ m= — = 0.23. Ans.

Problem 4.9. A body of weight 450 N is pulled up along an inclined
plane having inclination 30° to the horizontal at a steady speed. Find the force
required if the co -efficient of friction between the body and the plane is 0.25
and force is applied parallel to the inclined plane. If the distance travelled by
the body is 10 m along the plane, find the work done on the body.

Sol. Given:
Weight of body, W =450N
Inclination of plane, | =30°
Co-effici ent of friction, m=10.25
Distance travelled by body =10 m
Let the force required =P.
The body is equilibrium under the action of forces shown in Fig. 4.12.

W cos 30°

Fig. 4.12 Body moving up
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Resolving forces along the plane,
P=Wsin 30°+ nR=450x05+0 .25xR
or P=225+0.25R (i)
Resolving forces normal to the plane,
R = W cos 30°= 450 x 0.866 = 389.7 N
Substituting the value of R in equation (i),
P =225+ 0.25 x 389.7 = 322.425 N. Ans.

Work done on th e body = Force x Distance travelled in the direction of
force

= 322.525 x 10 Nm = 3224.25 Nm
= 3224.25 J (where J = Joules = Nm). Ans.

Problems .4.10. (a) Define co -efficient of friction and limiting friction.
(b) Block A weighing 15 N is a rectangular prism resting on a rough inclined
plane as shown in Fig. 4.13. the block is tied up by a horizontal string which
has a tension of 5 N. Find :

i The frictional force on the block,
ii.  The normal reaction of the inclined plane, and
iii. The co -effici ent of friction between the surface of contact.

Sol. (a) For definition of co -efficient of friction and limiting friction, please refer
to Art. 4.2 and Art 4.2.1.

(b) Given:

Weight of block, W=15N
Tension in string, T=5N
Inclination of plane, | =45°

String

FIyg. 4.15 Fig. 4.14 Forces acting on the block
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Let F = Frictional force,
R = Normal reaction, and
m= Co-efficient of friction.

Since there is tension in string which means if string is removed, the
block will slide down the plane. Hence force of friction will be acting in the
upward direction.

The block A is in equilibrium under the action of the forces shown in
Fig.4.14. The forces are :

1. The weight of block, W =15 N

2. Horizontal tension in the string, T=5N

3. Normal reaction, R

4. Force of friction, F = nR1 acting upward. Resolving forces along the
inclined plane,

15sin 45° = F + 45°

\ F=15sin45° - 5cos 45°=15x.707
=10 x.707 =7.07 N
Resolving forces normal to inclined plane,
R =15 cos 45° + T Cos 45° = 15 cos 45° + 5 cos 45°
=15x 707 +5x.707 =14.14 N
Using equation (4.1), we get
F=nR
8

\ m:—:—8:0.5.

i.  Frictional force on the block, F = 7.07 N. Ans.
ii.  Normal reaction of the inclined plane, R = 14.14 N. Ans.
ii. Co-efficient of friction, m=0.5. Ans.

Problem 4.11. Find the force required to move a load of 30 N up a
rough inclined plane, the force being applied parallel to the plane. The
inclination of the plane is such that when the same body is kept on a perfectly
smooth plane inclined at that angle, a fo rce of 6 N applied at an inclination of
30° to the plane keeps the same in equilibrium. Assume co -efficient of friction
between the rough plane and the load is equal to 0.3.

Sol. Given:
Load, W =30N
Co-efficient of friction between the rough plane and load,
m= 0.3
Let | = Inclination of the plane with horizontal
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p, = Force required to move the load up a rough incline d
plane, when the force is applied parallel to the plane.

The force is applied when same body is kept O n a smooth inclined
plane, P> =6 N.

Inclination  of the force with the inclined pl ane, & = 30A.

a

Smooth
surface

Fig. 4.15

1st case. Conside r the body of weight 30 N placed on a smooth inclin  ed
plane as shown in Fig. 4.15.

The force acting on the body are :

i.  The weight (W = 30 N) vertically downward.
ii.  The force P 2(= 6N) at an angle of 30° with the inclined plane.
iii. The normal reaction R.

Resolving forces normal to the inclined plane.
R+Psin 30A = W cos A

or R+6x-= 30 Cos A \ P2 =6 N, W=30N)

Resolving forces along the inclined plane,

P,cos 30A = W sin A
or 6x 2 =30sin A
\ sin| =6 x x—="=0.1782

| =9.974. Ans.

2nd case. The body of weight 30 N is placed on a rough inclined plane
having inclination A(= 9.974A) with the hag
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Fig. 4.16

The forces acting on the body are:

i. The weight W(= 30 N) vertically downward.
ii. The force P 1, parallel to the plane.
iii. The normal reaction R*.
iv. Force of friction F= nR*.
Resolving forces along the inclined plane,
W sin A & F = P
or 30sin9.974°+ nR*=P; ( F=nR* and A
..(ii)
Resolving forces normal to the inclined plane
R* = W cos A

=30 x cos 9.974° ( \ A
9.974°)

=30 x 9.9848 = 29.544.

Substituting the value of R* in equation (ii), we get

30sin 9.974+ mx 29.544 = P1

or 30 x.1732+0.3 x 29.544 =P1
or 5.196 + 8.8632 = P1
or P1 =14.059 N. Ans.

Problem 4.12.  Two blocks A and B are connected by a horizontal

rod and are supported on two rough planes as shown in Fig. 4.17. if the weight
of block B is 1500 N and co  -efficient of friction of block A and B are 0.25 and

0.35 respectively. Find the smallest weight of block A for which equilibrium
can exist.

Self-Instructional Material

115

o7




Applied Mechanics

Sol. Given : Weight of block B,
7 =1500 N
Co-efficient of friction for block A,
m =0.25

Co-efficient of friction for block B,

m =0.35
Let the smallest weight of block A for equilibrium
-0
0
If the weight of block A is less than the value require d for equilibrium,
the block B will be slide d ownwards. But the block A and B are connected by
a horizontal rod of fixed length. Now when blocks B starts moving in the
downward direction, the bloc  k A starts moving towards left. Hence a force of

fricion F A equalto m Ra will be acting on block A towards right as shown in
Fig.4.17 .

On block B, the force of friction & equal to{ 2 will be acting in the
upward direction

Fig. 4.17
For block A
Resolving force normal to plane, Ra = Wa.
Force of friction, FA=mRa=m0.25x Wa =0.25 Wa

This force will be transmitted to block B through rod AB.
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For block B

The block B will be equilibrium under the action of the forces, shown in
fig. 4.18. the forces are :

i.  The weight of block B = 1500 N acting vertically downwards.
ii.  The normal reaction 2 of the plane.

iii.  The horizontal force =0.25W A3 t r a n s mblockBehdough rod
AB.
iv. ~ Forceoffricion & ={ 2 =0.35 2 acting up the inclined plane.

In this case, the forces are resolved horizontally and vertically instead
of along the inclined plane and normal to the plane. For an equilibrium sta te,
the forces acting in any direction must be zero.

Resolving forces horizontally,
0.25Wa+ & c0s60°= 2 cos 30°
0.25Wa+0.35RB cos 60°= 2 cos 30° ( & =035 2 )

025W.r+03R5x0K 2 =2 x 86K

= =
Rg ?ch) é
G‘CZ, 60°
30°
F o
Rg cos 30° 1500 N e
RE
2
0.25 \;\ g
il /;?Q’
QQ)
Block B
60°
Fig. 4.18
0.25Wa +0.175 2 =0.866 2
or 0.25WA=0.866 2 -0.175 2 =0.691 2 ()
Resolving forces vertically,
2 sin30°+ & sin 60°=1500
2 x05+035 2 x0.866 R =1 500 (W & =035 2 )

052 +0303 2 =1500=0.803 2 =1500
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\ 2 :8—21868N.

Substituting the value of RR in equation (i), we get

0.25Wa =0.691 x 1868

\ Wa = 8T = 5163 N. Ans.

Problem 4.13.  Refering to the Fig. 4.19 given below, determine the least
value of the force P to cause motion to impend rightwards. Assume the co -
efficient of friction under the blocks t 0 be 0.2 and pulley to be frictionless

P

100 N A

PP7272777 7777777777 7777777777

150 N
60°
gy iy g7 I TT7TIT777777 7777777777777 777777777777
Fig. 4.19
Sol. Given:
Co-efficient of friction under both blocks, m= 0.2

Pulley is frictionless. Motion of block of weight 100 N is towards right.
Find least value of P.

1st case
Consider the equilibrium of block of weight 150 N

As the block of weight 100 N tends to move right wards, the block of
weight 150 N will tend to be move upwards. Hence force of friction will act
downwards as shown in Fia 4.20

<
.5
O 85
< C
&L
)

Y
¢ o

S
7 e

150 cos 60°

'\60°

Fig. 4.20
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Let T = Tension in the string
R = Normal r eaction
F = Force of friction = nR
=0.2R

The weight 150 N is acting vertically downwards. The body is in
equilibrium u nder the action of the forces, = shown in fig. 4.20. Resolving forces
along the plane,

T=150sin60°+ nR
Resolving forces normal to the inclined plane,
R=150c0s60°=150%x -=75N ..(ii)

Substituting the value of R in equation (i),
T =150sin 60° + 0.2 x 75 (W m=0.2)
=1449 N
2nd case
Now consider the equilibrium of block of weight 100 N

The block of 100 N tends to move rightwards, hence  force of friction will
be acting towards left as show Fig. 4.21. Also the pulley is frictionless h  ence
the tension in the string  whic h is attached to the block o  f weight 100 N will
be 144.9 N. The body is in equilibrium u  nder the action of the forces,  shown
in fig. 4.21 .

Direction of motion
100N
l APsin®d
P

T=1449N *

‘ e

38
Pcos 6

TI777777 7777272727
F*=pR*=02R*
R*

Fig. 4.21

Resolving forces along the plane,(i.e., horizontally),
P cos & = T + 0.2 R*
=1449+ 0.2 R* ..(iii)
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Resolving forces normal to the plane, (i.e., vertically),
R* + P sin é& = 100
or R*=100 0P sin @& (V)

Substituting the value of R* in equation (iii),

P cos & = 14¥XW06P +si0n2é) £ o042. P sid0]é
or P cos & + 0.2 sin é& = 164.9
or P (cos é + 0.2 sin é&) = 164.9
or P= : (V)
Thus force P will be minimum, if (cos & + 0.2 sin é&) is|lm
But (cos & + 0.2 sin é&) wild!@l be maxi munmn i
—(cos é + 0.2 sin é&) =0
or -sin é& + 0.2 cos é& =0
or 0. 2 cos €& = sin &
or 02=—= tan é
or é 6A102=11.309°
Substituting the value of €& in equation] ("
obtained.
\ 0o = ——— — =161.88N. Ans.
Problem4.14. What should be the value of the] a
that the motion of the 90 N block impends down the plane. The co -efficient of
friction mfor all the surface is 1/3.
Sol. Given:
Co-efficient of friction for all surfaces, m= 1/3
Motion of weig ht 90 N impends down the plane. Find the value pf
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First consider the equilibrium of weight 30 N.

As the weight 90 N tends to move downwards, there will be a rub  bing
action between the surface  of weight 90 N and 3 0 N. Hence a force of friction
will be acting between these two surfaces.

The weight 30 N is tied to  a string, the other end of the string is fixed to the
plane. When the weight 90 N tends to move downwards, the weight 30 N with
respect to 90 N will move upwards. Hence the force of friction on the lower
surface of the weight 30 N will act downward as show nin Fig. 4.22 (a). The
weight 30 N will be in  equilibrium under  the action of the forces, shown  infig.
4.22(a) in which

S
A

30 cos 0

30N
Fig. 4.22(a)
T = Tension in the string

R1 = Normal reaction on the  lower surface of weight 30 N

F1 = Force of fricion= mR1
Resolvin g forces along the plane,

T = 30 &smRin é +

= 30 siR1 & + (1)

Resolving forces normal to the plane,

R1=30 cos & ..(i)
Substituting the value of R 1 in equation (i),

T = 30 sjin3@ c¢os & ..(ii)
Now consider the equilibrium of w  eight 90 N

The weight 30 N will be in  equilibrium under th e action of the forces,
shown in fig. 4.22(b).
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Fig. 4.22(b)

Resolving forces along the plane,

90 s i mMRE+ MR2
=-Ri1+-R2
= -] 30 cosR:2é +
= 10 ceR & +

Resolving forces normal to the plane,

Applied Mechanics

30 ¢

(V)

R2= R1 90 cos &
= 30 cos & + 90 toR1i=é6 30 c
= 120 cos & (V)
Substituting the value of R2 in equation (iv), we get
90 sin é =-10 de® &os &
= 10 cos &€ + 40 cos é& = 50
\ —— = —=0.5555
or tan €& = 0.5555
\ & G6AT 05555 =29.05°. Ans.
Self-Instructional Material
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STUDENT ACTIVITY

Applied Mechanics

1. Explain the difference between co -efficient of friction and angle of friction.

2. Define static and kinetic friction and state the laws of solid friction.
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SUMMARY

Force of friction always acts in the direction opposite to the direction of
motion.

2. The maximum value of frictional force acting on a body, when the body is
on the point of moti  on, is called limiting force of friction. It is denoted by
F.

3. The force of friction, acting on a body when the body is moving, is called
dynamic friction.

4. The ratio of the limiting force of friction (F) to the normal reaction (R)
between two bodies is know n as co -efficient of friction. It is denoted by m
Mathematically, m=-.

5. The angle made by the resultant of the normal reaction (R) and the limiting
force of friction (F) with the normal reaction is known as angle of friction.

It is denoted by f.

6. The relation between angle of friction (  f) and co -efficient of friction ( m) is
expressed astan f =m

7. The force of friction always equal to nR, where R is normal reaction.

8. If a body is placed on a rough inclined plane and the angle of inclination
of the plane is gradually increased, till the body just starts sliding down
the pl ane. The angle of the inclined plane, at which the body just begins to
slide down the plane, is called angle of repose.

9. Angle of repose is equal to angle of friction.

10. If the inclination of the plane, with the horizontal is less than angle of
friction, the body is placed on the inclined plane will be always in
equilibrium without any external force.

TEST YOURSELF
(A) Theoretical Question

1. Define the following terms : friction, limiting force of friction, co -efficient of
friction and angle of friction.

2. Explain the differen ce between, co -efficient of friction and angle of friction.

3. (a) State the laws of static and dynamic friction.

(b) State the laws of solid friction.

4. Prove that the angle of friction is equal to the angle of inclined plane, when
a solid body of weight W pla ced on the inclined plane, is about to slide
down.

5. Wh at do you mean by ©o6angle of reposeoo?

equal to the angle of friction
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A body of weight W is placed on an inclined plane. The inclination of the

plane with the horizontal IS less than the angle of friction. The body will

(a) be in equilibrium (b) move downwards

(c) move upwards (d) none of the above [ Ans. (a)]
f in the above question, the inclination of the plane with the horizontal is

more than the angle of fri  ction, the body will

(a) be in equilibrium (b) move downwards
(c) move upwards (d) none of the above [ Ans. (b)]
A body of weight W is placed on a rough inclined plane having inclination
A to the horizontal. The f or dragth®bodysif app ]|
the body is on the point of motion up the plane, prove that P is given by
P = W t-&n (A
Where f = Angle of friction.

In the above question, if the body is on the point of motion down the plane,
prove that the force P is given by

P = W t-&n (A
Define static and kinetic friction and state the laws of solid friction.

(B) Numerical Questions

A body of weight 90 N is placed on a rough horizontal plane. Determine the
co-efficient of friction if a horizontal force of 63 N just ca uses the body to
slide over the horizontal plane. [Ans. 0.7]
A body of weight 150 N is placed on a rough horizontal plane. If the co -
efficient of the friction between the body and the horizontal plane is 0.4 ,
determine the horizontal  force required to just slide the body on the plane.
[Ans. 60 N]

The force pull required the body of weight 40 N on a rough horizontal plane
15 N. Determine the co -efficient friction of the force is applied at an angle
of 20° with the horizontal.

[Ans. 0.404]
A body of weight 60 N is placed on a rough horizontal plane to just move
the body on the horizontal plane, a push of 18 N inclined at 20° to the
horizontal plane is required. Find th e co-efficient of friction.

[Ans. 0.255]
Find the least force required to pull a body of weight W placed on a rough
hori zont al pl ane, when t he force i s ap

horizontal.
[Ans. W s i n é]
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6. A body of weight 450 N is pulled up an inclined plane, by a force of 300 N.
The inclination of the plane is 30° to the horizontal and the force is applied
parallel to the plane. Determine the coefficient of friction.

[Ans. 192]
7. A body of weight 400 N is pulled up along an inclined plane having
inclination 30° to the horizontal at a steady speed. If the co-efficient of

friction between the body and the plane is 0.3 and force is applied parallel
to the inclined plane, find the force required. Find also the work done on
the body if the distance travelled by the body is 10 m along the plane.
[Ans. 303.92 N, 3039.2 Nm]
8. Block a weighing 20 N is a rectangular prism resting on a rough inclined
plane as shown in Fig. 4.20. A block is tied up by a horizontal string which
has a tension of 3 N, Find : (i) the frictional f orce on the block, (i) the
normal reaction of the inclined plane, and (iii) the co -efficient of friction
between the surface of contact.
[Ans. (i) 9.808 N (ii) 18.382 N (iii) 0.598]
9. A body of weight 100 N is at rest on a horizontal plane. A horizo ntal force
of 70 N just causes the body to slide. Determine : (i) limiting force of friction
and (ii) co -efficient of friction.
[Ans. (i) 70N, (ii)0.7]
10. The co-efficient of friction between a body of weight 100 N and the rough
horizontal pl ane on which the body rests is 0.3. Calculate the horizontal
force required just to cause the body to slide over the horizontal plane.
If the body is loaded with an additional weight of 40 N, find the least
horizontal force which will the cause the body to side.
[Ans. ()30 N, (ii)45 N]

Self-Instructional Material 126




Applied Mechanics

5 CENTRE OF GRAVITY

LEARNING OBJECTIVES

Centre of Gravity

Centroid

Centroid or Centre of Gravity of Simple Plane Figure

Centre of Gravity of Plane Figure by the Method of Moments
Centre if Gravity of Bodies with Portion Removed

= =4 -4 A -

5.1 CENTRE OF GRAVITY

Centre of gravity of a body is the point through which the whole weight
of the body acts. A body is having only one centre of gravity for all positions
of body. It is represented by C.G or simply G

5.2 CENTROID

The point at which the total area of a plane figure (like rectangle, square,
triangle, quadrilateral, circle etc.) is assumed by concentrated, is known as
the centroid of that area. The centroid is also represented by C.G or simply G.
The centroid and centre  of gravity are at the same point

5.3 CENTROID OR CENTRE OF GRAVITY OF &
PLANE FIGURES

i. The centre of gravity (C.G) of a uniform rod lies at its middle point.

ii. The centre of gravity of a triangle lies at the point where the three medians*
of the triangle meet.

iii. The centre of gravity of a rectangle or of a parallelogram is at the point,
where is diagonal meet each other. It is also the point of intersection of
the lines joining the middle points of the opposite sides.

iv. The centre of gravity of a circle is at its centre
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5.4 CENTER OF GRAVITY OF PLANE FIGURES:S
THE METHOD OF MOMENTS

Fig 5.1 shows a plane figure of  total area A whose centre of gravity is

to be determined. Let this area A is composed of a number of small areas @,
w,n,0, éé. etec.
C A=ZQ,0,0,0, + ¢éé.

v

(0]
—%—
Fig. 5 .1

Let Let w = The distance of the C.G of the area ® from axis OY
® = The distance of the C.G of the area ® from axis OY
® = The distance of the C.G of the area ® from axis OY

® = The distance of the C.G of the area ® from axis OY and so
on.

The moments of all small areas about the axis OY

T OO+ +OW + €. é. (i)
Let G the centre of gravity of the total area A whose distance from the
axis OYis @
Then moment of total area about OY = A® (D)

The moments of all small areas about the axis OY must be equal to the
moment of total area a bout the same axis. Hence equating equations (i) and
(i), we get

T+ +FOO +OW + é.An=

. 88
or w= ...(5.1)

whereA =@ +®O + O +®
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If we take the moments of the small areas about the axis OX and also
moment of total area about this axis OX, we will get

— 88
w= ...(5.2)

where W= The distance of G from axis OX
w = The distance of C.G of the areaa 1 from axis OX
W w = The distance of C.G of area a 1 from axis OX respectively

5.4.1. Centre of Gravity of Plane Figures by Integratio n Method.
The equations (5.1) and (5.2) can be written as

8

8 —_
and W=

W=
B

where i =1,2,3,4,....
® = Distance of C.G of area al from axis OY and
w = Distance of C.G o f area alfrom axis OX.

The value of i depends upon the number of small areas. If the small
areas are large in number (mathematically speaking infinite in number),then
the summations in the above equations can be replace by integration. Let
them small areas are represented by dA i nst end, otfhedh t he
equations are written as :

i
I

61 5. 2(A)]

el
I

and e[ 5.2(B)]

where L w2 Qo=Bow
. Qo=Bw
Also, x* = Distance of C.G ofarea dA from OY

y* = Distance of C.G of area dA from OX

5.4.2.Centre of Gravity of a Line. The centre of gravity of a line which
may be straight or curve, is obtained by diving the given line, into a large
number of small lengths as shown in Fig.5.1 (a)

The centre of gravity is obtained by replacing dA by dL in equations [5.2
(A)] and [5.2 (B)].
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«— Xx*
y*
A
A ;
0 . X
Fig. 5.1(a)
Then these equations become ®="x i e[ 5.2(C)]

and = .[5.2(D)]
Where «r = Distance of C.G of length of  dL fromy -axis, and

o = Distance of C.G of length of  dL from x -axis

If the lines are straight, then the ab ove equations are written as :

— 8888
W= YT ..[5.2(E )]
— 8888

and W= 5588 .[5.2(F )]

5.4.3. Important Points For Centre of Gravity

i.  The axis, about which moments of areas are taken, is known as
axis of reference. In the above article, axis OX and OY are called
axis of reference.

ii.  The axis of reference, of plane figures, is generally taken as the
lowest line of the figure for determining ®, and left line of the
figure for calculating @

iii. If the given section is symmetrical about X -X axis or Y -Y axis,
then the C.G of the section will lie on the axis is symmetry.
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5.4.4. Centre of Gravity of Composition Sections . The centre of
gravity of composition sections like T -sections, | -section, L -section etc., are
obtained by splitting then into rectangular components. Then equations (5.1)
and (5.2) are used.

5.4.4 Problem Based on Composition Sections

Problems 5.1.  Find the centre of gravity of the T - section is shown in
Fig. 5.2(a).

Sol. The given T -section is split up into two rectangles ABCD and EFGH
as shown in Fig. 5.2(b). The given T  -section is symmetrical about X  -Y axis.
Hence the C.G. of sections will lie on this axis. The lowest line of the figure is
line GF. Hence the moments of the areas are taken about this line GF, which
is the axis of reference in this case.

[¢—— 12 cm—¥] - A :Y BT
3cm ©) : 3cm
o H[ !I'[E CT
10 cm : 10 cm
@ l
gl
>3 cmie- -ﬂGFm}f—
Y
(@ (b)
Fig. 5.2

Let W= The distance of the C.G. of the T  -section from the bottom line GF

(which is axis of reference)
® = Area of rectangle ABCD =12 x 3 =36 cm?

w = Distance of C.G area & from bottom line GF = 10 + -=115
cm

& = Area of rectangle EFGH =10 x 3 = 30 cm?
® = Distance of C.G area A 2from bottom | ine GF= — =5 cm.

Using equation (5.2), we have

W= = C A= )

= = =8.545¢c m. Ans.
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Problem 5.2.  Find the centre of gravity of the | - section shown in Fig.
5.3 (a).

Sol. The | -section is split up into three rectangles ABCD, EFGH and JKLM
as shown in Fig. 5.3 (b). The given | - section is symmetrical about X-Y axis.
Hence the C.G. of the section will lie on this axis. The lowest line of the figure
line is ML. Hence the moment of areas are taken about this line, which is the
axis of reference.

Let = Distance of the C.G. of the | -section from the bottom line ML

® = Area of rectangle ABCD =10 x 2 = 20 cm?

w = Distance of C.G area rectangle ABCD from bottom line ML
=2+15+ -=18cm

& = Area of rectangle EFGH =15 x 2 =30 cm?

w = Distance of C.G area rectangle EFGH from bottom line ML
=2+ —=2+75=95cm

@ = Area of rectangle JKLM = 20 x 2 = 40 cm?

w = Distance of C.G area rectangle JKLM from bottom line ML

= -=10cm

D H|TTE C *
1
1 ;
15 cm C;P |
—p  |[&——2CMm 'é . |
J Gl |F K ;{’"
L. _J2cm o 3 ]L ;}Sm
M 1
K———ZOcm——-HT j¢—— 20 cm ———»!
)

(a) Fig. 5.3

Now using equation (5.2), we have

W=

11
—
>
1
=
()
()

=—=—=7.611cm. Ans.
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Problem 5.3. Find the centre of gravity of the L - section shown in Fig.

5.4,
Sol. The given L - section is not symmetrical about i
any section. Hence in this case, there will be two axis of = A B
references. The lowest line of figure (i.e., line GF) will be T
taken as axis or reference for calculating @ And the left ® . [
line of the L -section (i.e., line AG) will be taken as axis 12 cm
of reference for calculating @
D|___IC E
The given L - section is splitup intotworec  tangles s ® 2__€m
ABCD and DEFG, as shown in Fig. 5.4. Ce—8em—a
Fig. 5.4
To find @
Let ®= Distance of the C.G. ofthe L  -section from the bottom line GF
® = Area of rec tangle ABCD = 10 x 2 = 20 cm?
w = Distance of C.G area rectangle ABCD from bottom line GF
=2+ —=2+5=7cm
@ = Area of rectangle DEFG =8 x 2 = 16 cm?
w = Distance of C.G area rectangle DEFG from bottom line GF
= -=1.0cm.
Using equation (5.2), we have
W= —, whereA=® ®
=— = — =433cm.
Tofind ®
Let @@= Distance of the C.G. of the L  -section from the bottom line AG
o = Distance of the rectangle ABCD from left line AG
= -=10cm
® = Distance of the rectangle DEFG f  rom left line AG
= -=4.0cm.
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Using equation (5.1), we have
W= where A= @ ®
= W = 2é& awndl6y

= — = - =2.33cm.

- section is at a distance of 4.33 cm from the

Hence the C.G. of the L
AnNS.

bottom line GF and 2. 33 cm from the left line AG.

Using the analytical method, determine the centre of gravity

Problem 5.4.
of the plane uniform lamina sown in Fig. 5.5.

Let U be the distance between C.G. of the lamina and the bottom

Sol.
line AB.
Area 1 ﬂ _ih_
® =10 x5 =50cm 2 /rj 5 cm
w =-=25cm - x'*
Area 2
G=-=r2=—x252=982cm 2 D&.s‘i;m___—"_ﬁa
W =—-=25cm Fig. 5.5
Area 3

®W=——=125 cm?
=5+ -=6.67cm.

Using the relation,

0=
8 8 8 8 8 8
= 3 3 cm = —8—3.22 cm.
Similarly, le @ be the distance between e.g. of the lamina and the left

line CD.

Area 1
® =50cm?2

w =25+ —=75cm
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Area 2

® =9.82cm?

= 25-—=258-"2- =144cm

Area 3
® =125 cm?
B =25+5+25 =10cm.

Using the relation,

W= = 3 5 cm
8
=7.11cm.
Hence the C.G. of the uniform lamina is at a distance of 3.22 cm from
the bottom line AB and 7.11 cm from the left line CD. Ans.

5.5 CENTRE OF GRAVITY OF BODIES WITH
PORTIONS REMOVED

The centre of gravity of bodies with portions removed is determined by
considering the main body first as complete one and then subtracting the area
of rem oved portion i.e., by taking the area of the area of the removed portion
as negative.

Problem 5.5. From a rectangular lamina ABCD 10 cm x 12 cm a
rectangular whole of 3 cm x 4 cm is cut as shown in Fig. 5.6.

Find the e.g. of the remainde r lamina.

Sol. The section shown in Fig. 5.6, is
having a cut hole. The centre of gravity of a
section with a cut hole is determined by
considering the main section first as a
complete one, and then subtracting the area
of the cut & out h ole, i.e., by taking the area
of the cut -out hole as negative.

Let Qis the distance between the C.G.
of the section with a cut hole from the
bottom line DC.
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@ = Area of rectangle ABCD = 10 x 12 = 120 cm?

w = Distance of C.G. of the rectangle ABCD from bottom line DC

— =6 cm

@ = Area of cut -out hole, i.e., rectangle EFGH,

w = Distance of C.G. of cut -out from bottom line in DC

=2+ -=2+2=4cm.

Now using equation (5.2) and taking the area ( A 9 of the cut -out hole as
negative, we get

W= where A= ® A

(-ve sign is taken due to cut  -out hole)

= =6.22 cm.
To Find @

Let @ = Distance between the C.G. of the section with a cut hole from
the left line AD

w = Distance of the C.G. of the rectangle ABCD from the left line
AD

= —=5cm

® = Distance of the C.G. of the cut  -hole from the left line AD

=54+1+ -=7.5cm.

Using equation (5.1) and taking area (

A2) of the cut hole as negative, we
get

w=

O A=d @)
8

= =—=4.72 cm.

Hence the C.G. of the section with a cut hole will be at distance of 6.22

cm from line DC and 4.72 cm from the line AD. AnNs.
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5.5.1. Problems o f Finding Centre of Gravity of Area by Integration
Method

Problem .5.6. Determine the co 0 ordinates of the C.G. of the area OAB
sown in Fig. 5.7, if the curve OB represents the equation of a parabola, given

by
U= E&
in which OA = 6 units

and AB = 4 units.
Sol. The equation of parabolais  w= Q% ()
First determine the value of constant k. The point B is lying on the curve

and having co dordinates
w=6andy=4
Substituting these values of equation (i), we get

4=k x62=36 k

\ k= —=- S
S . . 0 dx I<— A X
Substituting the value of  k equation (i), we get 6
W= - ¥ (1)) Fig. 5.7
or W@=9w
or w=3 ® ...(iii)

Consider a strip of height Uand width d @as shown in Fig. 5.7. the area
dA of the strip is give by

dA=Uxdw
The co-ordinates of the C.G. of this area dA are @and -
\ Distance of C.G. of area dA fromy -axis= w
and Distance of C.G. of area dA fromx -axis= -
\ w? = @and Uz = -
Let ©@= Distance of C.G. of total area OAB from axis OY

U= Distance of C.G. of total area OAB from axis OX.
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( dA=Uxdger=9g

But U= -°from equation (i),

=-x-%x6=45. Ans.

Using equation [5.2 (B)], we get

z

- v
B

Where Uz = Distance of C.G. of area dA from x-axis

= - (here)
dA =cdw
. R U u .. ¢ .
C L, wQo=_ - xdA= -xwwx, —dw
q q C
= - —do=-x— 0w Qwx— —
oowp
= =X — X — = —

Problem 5.7. determine the co -ordinates of the C.G. of the shaded area

between the parabola = ° and the straight line U= ®as shown in Fig. 5.8.

Sol. The equation of parabola and straight line are
U="2 0

U=0 (i)
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¥l o 2
/-5
D
I
Y1
=
bl
O|4_-—x——-> — dx A

Fig. 5 .8

The point A is lying on the straight line as well as on the given parabola.
Hence both the above equations hold good for point A. Let the co -ordinates of
point A. Let the co -ordinates of point Aare  afus

Substituting the value of y from equation (ii),

) 0 0_ .
Ww=— orT1T=—=W

Substituting the value of w= 4 from equation (i),
W=T

Hence the co -ordinates of point A are 4, 4.

Now divide the shaded area into large small areas each of height y and
width d @ as shown in Fig. 5.8. then area dA of the strip is given by
dA=wdw=(w w )dw ..(iii)

where @ =co-ordinate of point D  which lies on the straight line OA
W =co-ordinate of point E which lies on the parabola OA.
The horizontal co -ordinates of the points D and E are same.

The values of w1 and «» can be obtained in terms of  wfrom equations (ii)
and (i),

“®=mand &= —
Substituting these values in equation (iii),

dA= & — do (V)
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The distance of the C.G. for the area dA fromy
Wz =W
And th e distance of the C.G. of the area dA from x

Ww=w + -=w +

lo

—_ o 2

Now let
® = Distance of C.G. of shaded area

Now using equation [5.2 (A)],

z

®= Distance of C.G. of shaded area of Fig. 5.8 fromy

Applied Mechanics

-axis is given by,

-axis is given by,

W y=w -w)

Co=xand & =9

(V)
-axis

of Fig. 5.8 from x -axis.

® =F : wherevz=w
dA= @ — do [See equation (iv)]
C fddA=_ o @ — do (C x variesfrom 0t 0 4)
= o 2 Ap= — @ —
=— —=—316
and . Qo= o 2 Qo
¢ ® = = — = — x— = 2Ans.
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where g=- W — .. [From equation (V)]
A= o = do
itdA= 2 o 2 o =2 do

=— - ® — do=- — ——
=— - -=32 —
32x —=—

and L Qo=—

¢ %= :E:—X—:—Ans.

Problem 5.8. Determine the centre of gravity of the area of the circular
sector OAB of radius R and central angle A

Sol. The given area is symmetrical about x-axis. Hence the C.G. of the
area will lie on x -axis. Thismeans U=0.Tofind @, the moment of small areas
are to be taken along y -axis. D ivide the area OAB into a large number Of
triangular element each of altitude R and baseRd € as shown in Fi
such triangular element is shown by OCD in which altitude OC = R and base
CD=Rdé. The area dA of this triangul ar el e

3 /
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The C.G. of this triangular element is at G
where OG= -x0C=-xR
The di stance of C.G. area and dA fromy -axis is given by,
&= OG | c¢cds RéE J]=cos &
Now using equation [5.2 (A)],

z — R

m =x =

=—  ——=—35sin — Ans.

The are a OAB is symmetrical about the X-axis, hence

®=0. Ans.
Fora semi-ci rcle, A = &6 = 180A, hence
®W=—sin -
=—sin — =—. Ans.
Problem 5.9. Determine the centre of gravity of a semi -circle of

radius R as shown in Fig . 5.10.

Sol. This problem can also be solved by  the method give nin problem

5.8. The following other methods can also be used. Due to symmetry, D= 0.
The area AOB i s symmetrical about they -axis. Hence @= 0. The value of Uis
obtained by t aking the moments of small areas and total area about x -axis.
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Fig. 5.10
1. Considering the strip parallel to y -axis
Area of strip, dA =y, dw

The distance of the C.G of the area dA from X-axisis equalto -

Moment of area dA about x -axis

=dA. -
=-.dA
=-.ydw
= Cdx
Moment of total area A about x  -axis is obtained by integratin g the above
equation.

C Moment of total area A about x  -axis

~ 0
=fi— .dx

= 2 (\ owvaries from 06R to R)

But equation of semi -circle is
X2+y2:R20r yZ:RZ_XZ
Substituting this value of y2 in the above equation, we get

Moment of total area A about x  -axis
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= Y®8Y — -
Let @= Distance of C.G of the total area of semi  -circle from x -axis.
The total area of semi -circle is also equal to 9

\ moment of total area A about x  -axis
=x— ...(ii)

Equating the two values given by equations (i) and (ii), we get

~ 0
—OX—=—
\ W= —Xx—=— Ans
2.Considering the strip parallel to e-axis

Area of strip, dAA=2 «dw
The distance of the C.G of the area from

X-axis is'y

\ Moment of total area about x  -axis

G0 B s
:Q&wa Ay
= CO@OD
But, we know @ b YO C.G. ‘l_dy
\ W Yo oo fe— x —Pr&— x— —1;
or = Y6 o | L A*§
Fig. 5.10(a)

Substituting the above  value of win equation (i), we get

Moment of area dA about waxis,

=2 YO w) QW
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Moment of total area A about  @axis will be obtained by integrating the
above equation from O to R.

\ Moment of area A about @axis

= ¢ Yo @i (\ wvaries from O to R)
¥ o o
=. Y6 @8 (OQo=- ——
oi¢
= - -[0-R?] = — ()

Also the m oment of total area A about waxis = A X ®

where A = Total of semi -circle = —

= Distance of C.G of area A from  waxis

\ Moment of total area A about ~ craxis = — x @ (i)

Equating the two values given by equations (i) and (ii),
6 _ —

— X W= —

or W= — x — = — Ans.

Problem 5.10. To determine the centre of gravity of the area shown
in Fig. 5.10(b) given by —Z+ =1,

(0]

Sol. Consider a small strip of thickness ‘Q ¢paralle | to y -axis at a
distance of wfrom they -axis.

2

2
+"b%=1

‘”Ml"

7

%
7

l//,/////

Ol¢—a —»A

o _“’Idxl‘—q '

I

Fig. 5.10(b)
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Area of strip, dA= wdw

The C.G of area dA is at a distance of - from x-axis.
Moment of total area dA about waxis
= -dA
=-wdw
(\ dA=wdw
= -8
\ Moment of total area about waxis
= Sl ( wvaries from
Let us substituting the  value of y2 interms of «

The given equation is —* -

or —=1-—=
o

o

or @ <16 ...(ii)
Substituting the  value of y2 in equation (i), we get

Moment of total area about -axis

=  —| (V) Qoat—c,) 0w —

_ 6fx _ 6 _ 6
__é[m_ —] = x—=— ...(ii)
The total area A of the given figure is given by
A= NdA = Nado ..(iv)
From equation (i), y = [—é 16 @]..-16 w7 (V)
Now equation(iv) is A= _ —=|6 @ 7 do
« |C z
=—[W L ® 7ram)]*:— —
T
AN “ ‘ X
_ 8 WMo ) (i)

T
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Let @=the distance of C.G of the total area A from x-axis.

Then m oment of total area A about

waxis
=AX ®
= .. (Vi)
The equations (iii) and (vi) give the moment of total area about x -axis.
Hence equating these equations, we get

~_ 6
—. 0= —

6
—_ —=— AnNS.

\ ®
To find @, take the moment of small area dA about y -axis.
The C.G. of area dA is at a distance of x from y -axis.
\ Moment of area dA abouty -axis= a0

= (B W Q0 wQQw

Moment of total area A abouty -axis is obtained by integration

Moment of area A abouty -axis

= B ( ovaries from O t

= 8106 @7 Qo

N6 -16 @ 7from

equation(v) ]

=— 6B |06 @ Qe —ol6 w Tdx
_ 6 67 _ w._ O
__[Ti“_ —0-w]=— e (Vi)
Also the moment of total area A about y -axis.
ZAX ® .. (IX)

Where @= Distance of C.G. of total area A fromy  -axis.

Equating the two value s given by equations (viii) and (ix),

— o]
AX Q= —

-~ 0 )
\ w=—=

[\ A =—See equation (vi) ]
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—. Ans.
The co-ordinates of the C.G. of given area are

w=—and ®=—

Applied Mechanics
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STUDENT ACTIVITY

Applied Mechanics

1. Drive an expression for the entre of gravity of a plane area using method

of moments.

2. What do you understand by axes of references?
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SUMMARY

1. The point through which the whole weight of the body acts, is known as
centre of gravity.

2. The point at which the tot al area of a plane figure is assumed to be
concentrated is known is centroid of that area. The centroid and centre of
gravity are at the same point.

3. The centre of gravity of a uniform rod lines at its middle point.

4. The C.G of a triangle lies at a point whe re the three medians of a triangle
meet.

5. The C.G of a parallelogram or a rectangle is at a point where its diagonal
meet each other.

6. The C.G of a circle lies its centre.

7. The C.G of as a body consisting of different areas is given by

8888 8888

w= 8888 and Q= 888B

where ®@and ®= Co-ordinate of the C.G of the body from axis of reference
& Py ;... = Different areas of the sections of the body
GGG, ..... = Different of the C.G. of the areas  GgitHTF,..... from Y -axis .

whfwé e . = Different of the C.G. of the areas CGURLF,..... from X -axis.

8. Ifagiven se ction is symmetrical about X  -XaxisorY -Y axis, the C.G. of the
section will lie on the axis symmetry.
9. The C.G. of an area by integration method is given by

—_

W == and @ =-*

Where  wz = Distance of C.G. of area dA fromy -axis
w? = Distance of C.G. of area dA from x  -axis.
10. The C.G. of a straight or curved line is given by

z z

W == and @ =——

TEST YOURSELF

(A) Theoretical Problems

1. Define centre of gravity and ¢ entroid.

2. Derive an expression for the centre of gravity of a plane area using method
of moments.

3. What do you understand by axes of reference?
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(B) Numerical Problems

1. Find the centre of gravity of the T

j¢e——12cm—»

—p| 2 cMi—

Fig. 5.11

—»{2 cmjg¢—

8 cm

|
T L

[¢—— 6 cm —l

Fig. 5.13

. From a rectangular lamina

:_TZJI?T f
|

2. Find the centre of gravity of the |

3. Find the centre of gravity of the |

z-fm
X

-section shown in Fig.5.11.
[Ans .8.272 cm]

l¢— 8 cm—»l _}_
2cm

12cm

l¢—— 16 cm ——»

Fig. 5.12

-section shown in Fig.5.12.
[Ans. 6.44 cm]

-section shown in Fig.5.13.
[Ans. @=1.857, and ©=3.857]

14 cm 4-4

Fig. 5.14

ABCD 10cmxl1l4cm a rectangular hole of

3cmx5cm is cut as shown in Fig.5.14. Find the centre of gravity of the

remainder lamina.

[Ans. t=4.7cm, and @=6.4 44cm]

. Locate the C.G of the area shown in Fig.5.15 with respect to co -ordinate
axes. All dimensions are in mm.

1l
! 2

20
® @| o
J—Tz_f—\%w .

lo--- R T X
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[Hint ,
®=10 x 30 =300 mm?, @ =5 mm, ux=15
®w=40 x 10 =400 mm?, xF=10 + 20 =13 mm, yF=5 mm
®=10x 20 =200 mm?2, Xf=5mm,y F=-10 mm
@ =10 x 10 =100 mm?, x¥W= 45 mm,
yh=10 + 5 mm

ci

=15 +12+1+45 =19 mm. Ans.

el
11
|

=45 +2082+15 =6mm. Ans.

6. Athin homogenouswi reis bentinto a triangular shape ABC such that AB=
240mm, BC=260mm and AC=100mm. Locate the C.G. of the wire with
respect to co -ordinate axes. Angle at A is right angle.

[Hintt, First determine angles A and a. Use
A: =
- . w _ A_ Y‘
C sin A—=—=— T
C A 2262° A
Alsosi n -&xsin90°=—. 'L"‘Q(\\«\ 0"\
¢ A = 67.38A " 4 | 2
Using equation [5.2(C)] and [5.2(D)] ——— 260 mm ———qu s
®= , Where , ¢ P F'g'cr"'?’Gnﬁ

«g = distance of C.G. of AB fromy -axis
=—] cos A = 120 | cos 22.62A= 11

0 = BC =260 mm,uF = distance of C.G. of BC fromy -axis =130
0 = AC = 100 mm,a = distance of C.G. of AC fromy -axis

=BD+ —cos a = 240 cos A + 50 cos 3

=240 x cos 22.62° + 50 cos 67.38° = 240.77

8 8
W= = 140.77mm. Ans.
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D=
whereyg=—sin A = 120 | sin 22.62A= 46.154
yF=0, yf=—sin & = 50 sin 67.38A = 48,
\ o 8 8

= 26.154mm. AnNs.

7. Determine the C.G. of the uniform plane lamina shown in Fig. 5.17. all

dimensions are in cm.
[Hint. The figure is symmetrical about Y  -Y axis,

w=

@ igq Io

10 0 10, X
fe—pie— 20 —le—>]
Fig. 5.17
Where

® =40%x30 =1200cm?ycE — = 15cm,

® = 30% 20 = 600cm?yF= 30 + — =45cm

= O: 5 XDF:¢ —_— —=—

® =—=-100,y*=60 - —=—

¢ %= — —
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= 25.06 cm from origin 0.
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LAWS OF MOTION

LEARNING OBJECTIVES

Concept of Momentum

Newtonbés Laws of Moti on
Newtonb s Fi r st Law of Mot i on
Derivation of Force Equation from Second Law of Motion
Numerical Problems on Second Law of Motion

Motion of Two Bodies Tied by a String

Law of Conservation of Momentum

= =4 -4 -8 -8 -8 -9

6.1 concept of momentum

The product of the mass of a body and its velocity is known as
momentum of the body. Momentum is a vector quantity. Mathematically,
momentum is given by

Momentum = Mass X Velocity.

68T . %74/ .03 ,! 73

When a body is at rest or moving in a straight line or rotating about
an axis, the body obeys certain laws of motion. These laws ar e called
Newton's laws of motion . There are three laws of motion.

6.2.1. First Law. It states that a body continues in its state of rest or
of uniform motion in a straight line unless it is compelled by an external
force to change that state.

6.2.2. Second Law. It states that the rate of change of momentum of
a body is proportional to the external force applied on the body and takes
place in the direction  of the force.
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6.2.3. Third Law. It states that to every action, there is always an
equal and opposite r eaction .

Before discussing Newton's laws of motion, let us define certain terms
like mass and weight .

6.2.4. Mass. The quantity of matter contained in a body is known as
mans of the body. Mas s is a scalar quantity. In C.G.S. units, the mans is
expressed in gram (gm) whereas in S.I. units the mass is expressed in
kilogram (kg).

6.2.5. Weight.  Weight of a body is defined as the force, by which the
body is attracted towards the centre of the earth. Mathematically weight of
a body is given by

Weight = mass x acceleration due to gravity = mass X g

If mass is taken in kilogram (kg) and acceleration due to gravity in
metre per second square (m/s 2), then weight is expressed in newton (N). But
if mas s is taken in gram (gm) and acceleration due to gravity in centimetr e
per second square (cm /s 2), then weight is expressed in dyne. The relation
between newton (N) and dyne is given  as

One Newton = 10 5 dyne.

W8Y . %74/ .83 &) 23

It consists of two parts. First part states that a body continues in its
state of re st unless itis compelled by an external force to change that state.
A book lying on a table remains at rest, unless it is lifted by some external
force.

Second part states that a body continues in its state of uniform
motionina straight line unlessitis compelled by an external fo rce to change
that state. In actual  practice, we see that when a body is moving with a
uniform velocity in a straight line, the body does not continue in its state of
uniform motion but comes to rest after some time. This is due to frictional
force acting on the body. For an ideal case (i. e., when there is no frictional
force noting on the body), the body will continue to move with uniform
velocity in a straight line, unless compelled by an external force to change
that state .
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6.4 DERIVATION OF FORCE EQUATION FRON
SECOND LAW OF MOTION

Second law of motion enables us to measure force. Let u body of mas S
md maving with a velocity * u' along a straight line. It is acted upon by a
force F and the velocity of the body becomes v intime t. Then we have

u = Initial velocity of the body ,

v = Final velocity of the body ,

m = MASS of the body |,

a = Uniform linear acceleration

F = Force acting on the body, which changes the velocity u to v intime
t,

t = Time in second to change the velocity from to u to v. Initial
momntum of the body.

= Mass x initial velocity =mxu
Final momentum of the body = m X v.
C Change of momentum
= Final momentum - Initial momentum = mv - mu = m(v - u)
Rate of change of momentum = = e (i)

But we know that,

— =a (i.e., linear acceleration)
Substituting the value of — in equation (i), we get
Rate of change of momentum = m x a.

But according to Newton's second law of motion, the rate of change of
momentum is directly proportional to the external force acting on the body.

¢ F®mxa or F kxmxa e(ii)
where k is a constant of proportionality.

In equation (ii)), k and m (mass of a body) are constants for a given
body and hence force acting on a body is proportional to the acceleration
produced by the force. This means that for a given body, greater force

products greater acceleration while a smaller force produces smaller
acceleration. The acceleration produced will be zero if no force is applied on
the body.
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Two important conclusions are drawn from the first two Newton's laws
of motion:

(i) There will be no acceleration, if no external force is applied on the
body. This means the body will continue in its state of existing uniform
motion in a straight line.

(i) Force applied on the body is proportional to the product of mass
of the body and the accelerat ion produced by the force.

6.4.1. Unit of Force. Let us first define a 'unit force'. A unit force can
be suit - ably defined so as to make the value of k in equation (ii) equal to
one. A unit force (i.e., Force = 1.0) is that which produces unit acceleratio n
on an unit mass. Then by substituting F=10, m=10and a =1.0in

equation (i i) (i.e., F =k x m x a), we get
1=kx1x1 or k=1
Substituting the value of  k =1, in equation (ii ), we get
F=mxa e(6.2)

(i) If mass ( m) = 1 kg and accelerati on produced ( a) =1 m/s 2 the unit
of force is known as newton (which is written as N). Thus newton is defined
as that force which  acts on a body of mass one kg and produces an
acceleration of 1 m/s 2 in the direction of force. Newton is the unit of force
in S.I. system.

C 1N=1 kgx1m/s2x1kg-m/s?2.

(i) If mass ( m) = 1 gm and acceleration ( a) = 1 cm/s 2, then unit of
force is known dayne'. Thus a dyne may be defined as that force which acts
on a body of mass one gm and produce an acceleration of 1cm /s 2. Dyne is
the unit of force in C.G.S. system.

C 1dyne=1 gmx1 m/s 2=gm cm/s 2.
By definition
IN=1(kg) x1 m/s 2=1x 1000 (gm)x1x100(c m/s 2)
=105 (gm cm/s 2)
=10°% dyne (Cldyne=1gm x1lcm/s 2=gmcm/s 2)

Note. (i) The body will have acceleration if the external force is acting
on the body in the direction of motion of the body.

(i) The body will have retardation if the external force is acting
opposite to the direction of motion of the body.
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6.5 NUMERICAL PROBLEMS ON SECOND LA\

MOTION

Problem 6.1. A force o f unknown magnitude acts on a body of mass
150 kg and produce on acceleration of 3  m/ s2 in the direction of force. Find
the above.

Sol. Given:
Mass of the body, m = 150 kg
Acceleration, a=3m/s 2

The force is given by equation (6.2)

Hence F=m xa=150 (kg) x 3 (m/s 2)
=450 (kg - m/s 2) = 450 N. Ans. (Ckg - m/s 2 =N)

Problem 6.2. A force of 100 N acts on a body having a mass of 4 kg
for 10 seconds. If the initial velocity of the body is 5 m/s, determine:

(i) acceleration produced in the dir  ection of force, and
(i) distance moved by the body in 10 seconds.

Sol. Given:
Force, F=100N; Mass, m = 4 kg
Time, t = 10 second, Initial velocity u=5m/s

Let a = Acceleration produced in the direction of force
s = Distance travelled by body in 10 seconds.

() Using equation (6.2), we get
F=mxa or 100=4x a

C a=—=25m/s 2. Ans.

(i) The distance moved is given by

s=ut+-at2=5x10+ —-x25x10 2
=50+ 1250 = 1300m. Ans.
Problem 6.3. The weight of a body on earth is 980 N. If the

acceleration due to gravity on earth =9.80 m/s 2, what will be weight of the
body on:

() the moon, where gravitational acceleration is 1.6 m/s 2, and
(i) the sun, where gravitational acceleration is 270 m/s 2

Sol. Given:
Weight of body on earth, W =980 N
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Acceleration due to gravity on earth, g=9.80m/s 2

First calculate the mass of the body on earth. Using equation (6.1), we have

Weight = mass x ¢ or 980 = mass x 9.80
C Mass = —— =100 kg.
The mass of the body will remain the same on moon as well as on sun.
(i) Weight of the body on moon, where g=1.6 m/s2
Using equation (6.1),

Weight =mass x g =100 x 1.6 = 160 N. Ans.
(i) Weight of the body on sun , where g = 270 m/ s2

Weight = mass x g =100 x 270 = 27000 N. Ans.

Problem 6.4. A force of 200 N acts on a body having mass of 300 kg
for 90 second. If the initial velocity of the body is 20 m/s, determine the
final velocity of the body:

(i) when the force acts in the direction of motion and
(i) when the force acts in the opposite direction of the motion.

Sol. Given:

Force, F=200N
Mass, m = 300 kg
Time, t = 90 seconds
Initial velocity u =20 m/s.

Using equation (6.2), we have

F=mxa or 200 =300 x a
C a=—-=- mls 2.

(i) Final velocity when the force acts in the direction of motion.

When the force acts in the direction of motion, the body will have
acceleration. The final velocity (  v) is given by

v=u+at=20+ -x90=20+60= 80 m/s. Ans.

(if) Final velocity when the force acts in the opposite direction of motion.

When the force acts in the opposite direction of motion, the body will
have retardation. The final velocity is given by

v =u 0 at (-ve sign shows retardation)
=20 --x90=20 -60= -40m/s

(-ve sign shows that the body will be moving in the opposite direction).
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Problem 6.5. A body of mass 15 kg falls on the ground from a height
of 19.6 m. The body penetrates in to the ground. Find the distance through

which the body wi |l penetrate into the ground, if the resistance by the
ground to penetration is constant and equal to 4900 N. Takeg=9.8 m/s 2.
Sol. Given:

Mass m = 15 kg

Height of body from ground, h=19.6 m

Resistance to penetration, P =4900 N

Let us first consider the motion of the body from a height of 19.6 m to the
ground surface.

Initial velocity of the body u=0
Final velocity of the body, when it reaches the ground = V.

Using the equation,

vZ duz=2gh or v290=2x9.8x%x19.6
or V=g w8 p @ =19.6m/s.

When the body is penetrating into the ground, the resistance to
penetration is acting in the upward direction ( C Resistance always acts in
the opposite direction of  motion of the body). But the weight of the body is
acting in the downward direction

Weight of the body is given by equation (6.1) ,
Weight of the body =mass xg=15 x9.80N=147 N
Upward resistance to penetration = 4900 N

C Net force acting in the  upward direction,
F =4900 - 147 =4753 N.

As the net force on the body is acting in the opposite direction to the
motion of the body, this force will produce retardation.

Using equation (6.2), we have
F=mxa or 4753 =15x% a
C a=——=2316.866 m/s 2.
Distance through which body will penetrate into the ground.

Consider the motion of the body from the ground to the point of
penetration into  the ground .

Let the distance of penetration = S

Final velocity, v=0

Initial velocity, u= Velocity of the body on the ground =
19.6 m/s

Retardation, a =316.866m/s 2

Using the relation,
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vZouz=-2a xs (-vesign istaken due to retardation)

C 0019.62=-2x316.866x s

. 8 8
C S=——5 = 0.606m = 60.6 cm. Ans.

Problem 6.6. A man weighing 637 N dives into a swimming pool from
a tower of height 19.6 m. He was found to go down in water by 2 m and then
started risin g. Find the average resistance of water. Neglect the resistance
of air.

Sol. Given:
Weight of the man =637 N
Height of tower, h=19.6m

Distance travelled by man from the water surface into the water = 2 m.
First consider the motion of the man from the top of the tower to the water
surface of the swimming pool

Initial velocity of man, u=20
Acceleration due to gravity, g=98m/s 2
Let the final velocity of the man, when he reaches the water surface = V.

Now using the relation,
vZ duz =2gh or vZ 302 =2x9.80x 19.60

C v=W¢ w® TN p @ m=19.6 m/s.

Now consider the motion of the man from the water surface of the
swimming pool upto the point, from where the man started rising.

Distance traversed , s=2m

Initial velocity o f the man on the water surface
u=19.6m/s

Final velocity , v =0.

As the velocity of the man becomes zero after travelling a distance 2
m inside the water, hence a force due to water resistance is acting in the
opposite direction to  the motion of the ma n. This force will produce
retardation.

Let a = Retardation due to water resistance

C Using therelation, v2-u2=-2as (-vesignistaken due to retardation)
or 02019.62=-2xax?2

: 8 8

C s=—=96.04m/s 2.

Average resistance of water

Let F* = Average resistance of water acting on the man in the upward
direction .

Weight of man = 637 N acting in the downward direction

Self-Instructional Material

162




Applied Mechanics

C Net force acting on the man in the upward direction
= F* - Weight of man (F * - 637) N.

But the net force acting on the man must be equal to the product of
mass of the man and retardat ion.

C (F*-637)= mxa (CF=mx a) é (i)
But mass of man, m=— [using equation (6.1)]

== 65kg and a =96.04m/s 2.
Substituting the values of m and f in equation (i), we get
(F* - 637) =65 x 96.04

F* =65 x 96.04 + 637 = 6879.6 N. Ans.

Problem 6.7. A bullet of mass 81 gm and moving with a velocity of
300 m/sis fired into a log of wood and it penetrates to a depth of 10 cm. If
the bullet moving with the same velocity, were fired into a similar piece of
wood 5 cm thick, with what velocity would it emerge ? Find also the force of
resistance, assuming it to be uniform

Sol. Given:

Mass of bullet m =81 gm =——kg =0.081 kg
Initial velocity of bullet, u =300 m/s

Distance travelled, s=10cm= 0.10m

Final velocity , v =0.

As the force of resistance is acting in the opposite direction of motion
of bullet, hence force of resistance will produce retardation on the bullet

Let a = retardation
Now using the relation,

vZ-u2=-2as (-ve sign is taken due to retardation)
or 0293002=-2x%xax0.1

C a = ———— =450000 m/s 2.

Let F = Force of resistance offered by wood to the bullet.
Using equation (6.2), we get
F*= mx a =.081 x 450000 = 36450 N. Ans.

Velocity of the bullet with which the bullet will come out from a piece
of wood of 5 cm thick .

Let v = velocity with which the bullet emerges from the piece of wood
of 5 cm thick.

Initia | velocity , u =300 m/s.
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As the resistance offered by wood is uniform, hence retardation will
be same as before.

C a = 450000 m/s 2.
Distance travelled, r=5cm=.05m

Using the relation

v2-u2=-2as (-ve sign is taken due to retardation)
C 0293002 =-2 x 450000 x 0.5 orv2=300x 300 045000
= 90000 6 45000 = 45000
C v =Wt v r®R12.132 m/s. Ans.
Problem 6.8. A car, moving on a straight level road, skidded for a

total distance of 60 metres after the brakes were applied. Determine the
speed of the car, just before the brakes were applied, if the co -efficient of
friction between the cartyres andtheroadis 0.4. Take g =9.80 m/s 2.

Sol. Given:
Let u = velocity of car just before applying the brakes
Final velocity of ear, u=20
Distance travelled, s=60m

Co-efficient of friction between car tyres and road,

t =04
Let W = Weight of ear in Newton w oysclon
R = Normal reaction of"motion
=
Mass of car, — R
. . LY Q
Now frictional resistance «—
. Frictional Force
=tR=t W (GR=W) Fig. 6.1
= 0.4 W Newton

F=04W

As frictional force is acting in the opposite direction of motion, hence
the fric tional force will produce retardation

Using equation (6.2).

Force = mass x a
. 8
C 04W= —xa or a=—=04x%x980=392m/s 2
C Retardation =3.92 m/s 2
Now using the relation,

U 00 =-2as
C moo =-2x3.92 x60
C u=Wng odg @ TE W X T™=121.688 m/s
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= x 60 x 60 km/hour= 78.077 km/hour Ans.

Problem 6.9. The tractive force, e Xxerted by a railway car weighing 50
kN, is 2000 N. If the frictional resistance is 5 N per kN of the ra ilway car's
weight, determine the acceleration when the railway car is moving on a level
track.

Sol. Given:

Tractive force exerted by railway car,

F1 = 2000N
Weight of car, W =50 kN =50 x 1000N
C Mass of car, m=—=——Kkg

8
Frictiona | resistance, F > =5 N per kN of car's weight
=5N x weightofcarinkN=5 x 50 N = 250 N.

The tractive force is acting in the direction of motion, while frictional
resistance is acting in opposite direction of motion.

C Net force in the direction of m  otion,
F=F10F2=2000 6250 =1750 N.

As the net force is acting in the direction of motion, it will produce
acceleration.

Let a = acceleration produced

Using equation (6.2), we have

F=mxa
or 1750:T><a (Cm = 3 )
. 8
C a= —=0.343m/s 2. Ans.
6.5.1. Motion on an Inclined Smooth Surface. Fig. 6.2 shows a body

of weight W, sliding down on a smooth inclined plane.
Let [ = Angle made by inclined plane with horizontal

W = Weight of the body
a = Acceleration of the body

m = Mass of the body

As the surface of the plane is smooth,
hence the frictional force will be zero. Hence
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the forces acting on the body are its own

weight Wand reaction R of the plane. The

resolved par t of W perpendicular to the plane

is W cos [, which is balanced by R, while the resolved part parallel to the
plane is W sin [, which produces acceleration down the plane. This force is
responsible for the movement  of the body down the plane.

Net force a cting on the body down the plane is
C F=Wsin [
Now using the equation (6.2), we have

F=mxa

Substituting the values of F and m in the above equation, we get

Wsin [ =— x a

C a=gsin [ é(6.3

If the body is moving up the pl  ane, the corresponding acceleration
willbe & gsin [.

6.5.2. Motion on an Inclined Rough Surface. Fig. 6.3 shows a body
of weight W, sliding down the rough inclined surface.

Let a = Acceleration of the body

m = Mass of the body = —

| =Inclinati on of the plane with horizontal
t = Co-efficient of friction
F1 = Force of friction.

As the body is moving down the plane,
the force of friction will be acting up the plane
as shownin Fig. 6.3.

Now force of friction,
F1=tR
=1 xWcos |
Force act ing down the plane,
Fo =Wsin |
C Net force acing on the body down the plane,
F=F2-F1=Wsin [ -1 Wcos |

Now using the equation (6.2),
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F=mxa
or (Wsin [ -{ Wcos [)=— x a (Cm=—)
or W=(sin [ -tfcos[)=—xa or a=W(sin[ -tcos[)x—
C a=g(sinf-tcosf) 6(6.4)
Problem 6.10. A body of weight 200 N is initially stationary on a 45 J
inclined plane. What distance along the inclined plane must be body slide,
before it reaches a speed of 2 m/s. The co -efficient of friction between the

body and the plane = 0.1.

Sol. Given: R
Weight of body W =200 N
C Mass of body, m=—=—kg
Angle of plane, [ =45°
Initial velocity, u=0
Final velocity, v=2m/s
Co-efficient of fri ction, { =0.1. Fig. 6.4

The acceleration of the body is given by equation (6.4) as

a=g[sin [ -t cos[]
=90.81 [sin 45° - 0.1 cos 45° ]
=9.81[0.707 00.1x.707]

=6.242 m/s 2.
Now using the relation
0 -0 =2as or 22002=2x6.242xs
C s= 5— =0.32m= 32cm. Ans.

6.6 LIFE MOTION

Fig. 6.5 shows a lift (elevator or cage) carrying some weight and moving
with a uniform acceleration.

Let W = Weight carried by the lift
m = Mass carried by lift = —

a = Uniform ac celeration of the lift
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T = Tension in cable supporting the
lift. Thisis also called the *reaction of the
lift.

The lift may be moving upwards or moving
downwards.

1st Case. Letthe liftis moving upwards as
shown in Fig. 6.6. The weight carried by i  ftis
acting downwards while  the tension in the cable
is acting upwards. As the lift is moving up, the
net force which is equal to (T 0 W) is acting
upwards .

C Net force in upward direction = T - W.
This net force produces an acceleration ' a'
Hence using,

Net force = mass x acceleration
or (TOW)= — xa (CMass = —)

or T=W+ —xa=W p %

2nd Case. As the lift is moving downwards as
shown in Fig. 6.7, the net force is acting downwards.
Hence in this case W is more than T (tension in
string).

C Net force in downward direction = (W - T).

This net force produces an acceleration a'.
Hence using, Net force = ma ss x acceleratio n

or WoT)=—xa
or T=W-—xa
_ %) ,
=W p o é (6.6)

6.6.1. Problem Based on Lift Motion

Applied Mechanics

7D\
\1/

B £
“\— Pulley /}

6 (6.

Lift Forc

Fig. 6.5

Cable supporting
the lift
T Lift T

}

5) Fig. 6.6 Liftis
moving upwards

l Lift !
B 4

W
Fig. 6.7 Liftis
moving downwards

Problem 6.11. A lift carries a weight of 100 N and is moving with a
uniform acceleration of 2.45 m/s 2. Deter mine the tension in the cables

supporting the lift, when:
() liftis moving upwards, and
(i)  lift is moving downwards. Take g = 9.80 m/s

Sol. Given:

Weight carried by lift, W =100 N.

2-
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Uniform acceleration, a =2.45m/s 2.
(i) Lift is moving upwards

Let T = Tension in the cables supporting the lift.

Using equation (6.5), T =W p % =100 p

=100(1.25) = 125 N. Ans.
(i) Lift if moving downwards

T U
o) 1T

e

Using equation (6.6), T =W p % =100 p
=100 x.75= 75 N Ans.
Problem 6.12. A life has an upward acceleration of 1.2 25m/s 2. What
pressure will a man weighing 500 N exert on the floor of the lift? What
pressure would he exert if the lift had an acceleration of 1.225 m/s 2
downwards ? What upward acceleratio  n would cause his weight to exert to
pressure of 600 N on the flo or? Take G=9.8 m/s 2.

CTUL_
g = 1001 - 0.25)

Sol. Given:
Upward acceleration, a=1225m/s 2
Weight of man, W =500 N.
1st Case. The lift is moving up with an acceleration of 1.225 m/s 2,

The pressure exerted by a man on the floor of the lift is equal to the reaction
of the lift and it is the ~ same as the tension in the cables supporting the lift.

Let T = Tension in the cables supporting the lift or the reaction of
the lift or the pressure exerted by the man on the floor of the lift.

Using equation (6.5) for the lift movi ng upwards, we have
@

T=W p 2 =500 p %”:500(1#125): 562.5 N. Ans.

2nd Case. The lift is moving downwards with an acceleration of 1.225
m/s 2. The pressure exerted by the man on the floor of the lift is equal to the
reaction of the lift and it is the same as the tension in the cables supporting
the lift.

® v
T=W p o =500 p %‘n =500(1 - .125)= 437.5N. Ans.

3rd Case. The lift is moving upwards with an unknown acceleration.
Let a = Acceleration upwards

T = Pressure exerted by ma n on floor of lift = 600 N

W = Weight of man = 500 N.
Using equation (6.5), we get
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T=W p = or 600=500 p %ﬂ
or —=p @ or 12=1p @n
or a=(1.20610)x980=02x980= 1.96m/s 2. Ans.

Problem 6.13. An elevator weighs 2500 N and is moving vertically
downwards with a constant acceleration. Write the equation for the elevator
cabl e tension. Start ing from rest it travels a distance of 35 metres during
an interval of 10 seconds. Find the cable tension during this time, Neglect

all other resistances to motion. What are the limits of cable tension ?
Sol. Given:

Weight of elevator, W = 2500 N

Initial velocity, u=0

Distance travelled, s=35m

Time, t =10 sec.

Let T = Tens ion in the cable supporting
an elevator in N.

. Cabl
1st Part. The equation for the elevator avie
cable tension is obtained as given below : (see I
Fig. 6.8). The elevator is moving down. & B
. S3
C Net acceleration force in the downward S o
direction o 3
£
=(WadT)=(2500 6 T)N. , l
. 2500 N
The net accelerating force produces an .
acceler at s nim t he downward dir eckid &8n.
Hence using the relation
Net force = mass x acceleration
(2500 o T) = g xa
or T =2500 - X a
S T=2500 CEEY
C - p o T
Hence the a bove equation (i ) represents the equation for the elevator
cable ten sion when the elevator is moving downwards.
2nd Part. Limits of cable tension are obtained from equation ( i) as

given below:
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(i) When a = 0, and this val ue is substituted in equation (i ), the value
of T is obtained as

T=2500 p %p = 2500 N.

(i) When a=9.81 m/s 2, and this val ue is substituted in equation (i ),
the value of T is obtained as

T=2500 p %2:2500(1 51)=0

Limits of cable tension (T) are :

At a =0, T =2500 N
At a =9.81, T=0. Ans.

3rd Partt. S=35m, u=0and t =10 seconds.

Using the relation,s =ut +-06 v
or 35=0 x10+—xax 102=0+50 a
C a=—=07m/s 2

Substituting this value off in equation (1), we get

T=2500 p %p = 2321.61N. Ans.

Problem 6.14. A cage, carrying 10 men each weighing 500 N, starts
moving downwards from rest in a mine vertical shaft. The cage attains a
speed of 12 metresls in 20 metres. Find the pressure exerted by each man
on the floor of the cag e. Take g =9.80m/s 2

Sol. Given:
Weight of one man, =500 N
Total weight of 10 men on the cage, W =500 x 10 =5000 N
Initial velocity of cage, u=20
Final velocity of cage, v=12m/s
Distance travelled, s=20m
Acceleration due to  gravity, g=9.80m/s 2

The pressure exerted by the men on the floor of the cage will be same
as the tension produced in the cables supporting the cage.

Let T = Total tension produced by 10 men in the cables.
0 = Acceleration of the cage.

The accelera tion will be obtained by using the relation.
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U -0 =2as or 12280=2a x 20
C a=———=36m/s 2

The cage is moving downwards hence using equation (6.6),

T=W p 2 or T=5000 p %

= 5000 (1 & 0.3673) = 3163.26 N.

C Tension produce d by one man in the cable,

= 316.326 N.

But tension produced by each man in the cable is the same as the
pressure exerted by each man on the floor of the cage.

C Pressure exerted by each man on the floor = 316.326 N. Ans.

Proble m 6.15. As elevator weighing 5000 N is ascending with an
acceleration of 3 m/s 2. During this ascent its operator whose weight is 700
N is standing on the scales placed on the floor. What is the scale reading?

What will be the total tension in the cables of the elevator during the
motion?
Sol. Given:

Weight of the elevator, W1 =5000 N

Acceleration of elevator, a=3m/s 2

Weight of the operator, W2 =700 N

When the operator is standing on the scale placed on the floor of the
elevator, the reading the scale will equal to the reaction (R) offered by the
floor on the operator.

>

Hence let R = Reaction offered by the floor

Elevator

.. . Cable
on operator. This is also equal to the reading of Operator 4T
scale.

T = Total in the cables of elevator. I
Consider the motion of operat  or. The operator
is moving upwards along with the elevator with an R lSOOON

acceleration, a = 3 m/s 2. The net force on the

operator is acting upwards. ~Fig-6.9

C Net upward force on operator
= Reaction offered by floor on operator
- Weight for operator
= (R & 700)
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Mass of operator = =

But, net force = x acceleration
C R =700+ —- x3=700+214.28
= 914.28 N. Ans.

Total tension in the cables of elevator.

Let T = Total tension in the cables of elevator
W = Total weight (i.e., weight of elevator + weight of operator)

As the elev ator with the operator is moving upwards with an
acceleration f =3 m/s 2, the net force will be acting on the elevator and
operator in the upward  direction.

C Net upwards force on elevator and operator
= Total tension in the cables & Total weight of elev ator and operator

= (T 8 5700)

Mass of elevator and operator

8

But net force = mass x acceleration

C (T 6 500)= _8 x 3

C T =5700 +

6.7 MOTION OF TWO BODIES TIES BY A STF

x 3 =5700+ 1745= 7445 N. Ans.

Fig.6.10 shows a light and inextensible ngﬁg;h
string passing over a smooth and weight - less
pulley. T wo bodies of weights W 1 and W, are
attached to the two ends of the string. Let Wy -
be greaterthan W 2. As W1 > W> the weight W 1 light string

-

will move downwards, whereas the smaller
weight (W2) will move upwards. For an
inextensible string, the up - ward acceleration e

of the weight W, will be equal to the mw‘
downward acceleration of the weight W 1

AT

Fig. 6.10
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As the string is light and inextensible
and passing over a smooth pulley, the
tension* of the string will be the same on both
sides of the pulley.

Let T = Tension in both strings,
a = Acceleration of the bodies.

Consider the motion of weight W 1. The weight W 1 is moving
downwards with an acceleration a. The forces acting on W 1 are (i) its weight
W acting downwards and (i) tension T acting upwards. As the weight W 1
is moving downwards, hence net force on the weight W 1 is acting
downwards .

C Net downward force = (W 1=T) = (& x g xT)

But net force = mass x acceleration
C Weight = mass x g
¢ Wi=d& xg
(W18T)=— x a (CMass = =—)é (i)

Now consider the motion of weight W2. T he forces acting on W » are:
(i) its weight W2 acting downwards and (ii) tension T acting upwards. But
the weight W > is moving upwards, hence net force on weight W > is acting
upwards.

Net upward force =(T - W>)
But net upward force = mass X acceleration
or (T-Wy) =—xa (CMass= —)é (i i)

Adding equations (i) and (ii), we get
(W1 - W) = —x (W1 - W2)
or a=-——— e(6.7)

Equation (6.7) is used for finding the acceleration. If the valu e of this
acceleration is substituted either in equation (i) or in equation (ii) the value
of tension (T) is obtained.

Hence substituting the value of 'a’ in equation (ii), we get

(W -T)= X g = (Cancelling g)
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7

or T=W;-—— =W, —79—79—
p ¢
_ 7o 7c¢ 7o T¢ .
=W, 7 7. e(6.8)
Problem 6.16. Two bodies of weight 50 N and 30 N are connected to
the two ends of a light inextensible string. The string is pas sing over a
smooth pulley. Determine:
(i) The acceleration of the system, and
(i) Tension in the string. Take g = 9.80 m/s
Sol. Given:
Bigger weight, W1 =50N °
Smaller weight, W> =30 N
As Wi > W2 hence weight 50 N is moving \
downwards whereas weights 30 N is moving T
upwards. AT
Let a = Acceleration of the system, and %
T = Tension in the sting. 30N 7////
(i) Using the equation (6 .7) for acceleration, 50
a= -8 Fig. 6.11
8
= =245 m/s 2 Ans.
(i) Using equation (6.8) for tension in the string
T = = =
= 37.5 N. Ans.
Problem 6.17 . Two bodies of different weights are connected to the
two ends of a light inextensible string, which passes over a smooth pulley.
If the acceleration of the system is 3 m/s 2 and bigger weight is 60 N,
determi ne:
() The smaller weight, and
(i) Tension in the string. Take g = 9.80 m/s
Sol. Given:
Acceleration, a=3m/s 2
Bigger weight, W1 =60 N
Let W, = Smaller weight, and
T = Tension in the string.
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0] Using equation (6.7), we get

8
a=——mm or 3= ——m
or 360+ 7 )=9.80 (60 -7 )
or 180+37 =9.80x60 89.807
or 37 +9.807 =9.80x60 8180 or 12.807 =408
C 7 =-—5—=31875N. Ans.

(i) Tension in the string is obtained from equation (6.8),

8
T= = 3 = 3 = 41.632 N. Ans.

Problem 6.18. A pulley whose axis passes through the centr e O,
carries load as shown in Fig. 6.12. Neglecting the inertia of the pulley and
assuming that the card is inextensible, determine the acceleration of the
block A. How much weight should be added to or taken away from the block
A, if the acceleration oft he block A is required to  be g/3.0 downwards?

Sol. Given: —D—
Bigger load, Wi =700 N /\
Smaller load, W>2 =700 N 0
Let a = Acceleration of block. A or the \/

acceleration of the system.

AT
Usi ion (6.17),
sing equation it %B
a=z-——— 500 N
V)
_ _ _H A
= =g = —. Ans. 700 N
Fig. 6.12

How much weight should be added to or taken away from the block A

(i.e., from bigger load 700 N) when acceleration of bigger load is g/3.0
downwards.

Let W:* = Total weight of block A when  acceleration is g/3.0
a=—Wz2=500N

Using equation (6.7), a = ————— (CHere 7 79
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or — = —
or — = — (cancelling g to both sides)
or 37° vmme7° vuvmwmr 37° pumAET7 S UMM
or 27 ° cmmm

C 7 ©=——=1000 N.

As 7 °is more than W. Hence the weight must be added to th e block
A.

C Weight added =7 - W; =1000 8700 = 300 N. Ans.

6.7.1. Motion of Two Bodies Connected by a String when One
Body is lying on a Horizontal Surface and other is Hanging Free

1. The horizontal surface is smooth and the string is passing over
a smooth pulley. Fig. 6.13 shows the two weights W 1 and W 2 connected by
a light inex tensible string, passing over a smooth pulley. The weight W 2 IS

placed on a smooth horizontal surface, whereas the weight W, is hanging
free.

The weight W 1 is moving downwards, whereas the weight W 2 is moving
on smooth horizontal surface. The velocity and acceleration of W 1 will be
same as that of W ».

Pulley
T\

<

=

As the s tring is light and inextensible
and passing over a smooth pulley, the
tensions of the string will be same on both
sides of the pulley. l

W2

N\

L . T
Let T = Tension in the string Smooth horizontal

a = Acceleration of the weight surface

//% W,
W1 and also of W> -

(i) Consider the motion of the hanging _
weight Wa. Fig. 6.13

The weight W 1is moving downwards with an acceleration a. The forces
actingon W;y are: (i) its weight W 1 acting downwards, and (ii) tens ion T acting
upwards.

C Net downward force = (W13 T)

Using, net force = mass X acceleration

W18T)=—xa (CMass =

(if) Consider the motion of weight W2

Je (i)
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The weight W2 is moving on the horizontal surface with an
acceleration of @'. As the weight W-> is moving in the horizontal the only
force causing the motion is T. The weight W is acting downwards and hence

the component of this weight in horizontal directionis W2 cos 90 °, which is
zero.

Using, force = mass X acceleration

or T=—xa (CMass = Yé (i)
Adding equations (i) and (ii),
Wi =—xa+—xa=—x[Wi+ W]
C a=——— e(6.9)
Equation (6.9) gives the acceleration of the system.
To find the t ensi on (T) i n the stingad siunbs
equation (ii).
¢ T=—x - 6(6.10)
Equation (6.10) gives the tension in the string.
2. The horizontal surface is rough
and string is passing over a smooth AR,
pulley . Fig 6.14 shows the two weights W 1 // T
and W 2 connected by a light inextensible Wz%/ > <
string, passing over a smooth pulley. The ) /,4,
weight W13 is hanging free, whereas the <——,\_ "y
weight W: is placed on a rough horizontal Rough F’;z‘r'g:a' T
surface. Hence in this case force of friction mace T Towy
will be acting on the weight Wz in the W,
>33asite directi onweaght t i
W. as shown in Fig. 6.14. Fig. 6.14

Let t = Co-efficient of friction between weight W, and horizontal
surface.

a = Acceleration of the system
T = Tension in the string

R2> = Normal reaction at the horizontal roug h surface = W »

Force of friction = {R2 )
=t W2 (CR2 =W2) e (i)

Self-Instructional Material 178

Ll

mi



Applied Mechanics

(i) Consider the motion the hanging weight W1)

Theweight Wii's moving downwards wiabh dmeaane
downward force acting on weight W 1 = (W18 T)

Using net force = mass x acceleration

Wi-T=—xa (CMass = —) é (ii)

(i) Consider the motion of the weight W 2

The weight W > is moving on the rough horizontal surface towards
right with anaccéher &broesodact i ndgectiom t he
are : (i) tension (T) towards right, and (ii) force of friction = t Rz =t W2 towards
left.

C Net horizontal force towards right = T - tW2

Using net force = mass x acceleration
Or TOtWz2=—xa e (iii)
Adding Equations (ii) and (iii)
Wi - W2 =— (W1 + W)
¢ a=g —— m/s 2 é(6.11)

Equation (6.11) is used to find the acceleration

To find the tension T, a&aubatietqwtad i tome (|

C Wi-T=—xa =
717
T6W1: :Wlp 4747—
p q
=W17p T T, U7g

= = e(6.12)

Problem 6.19. Two bodies of weight 20 N and 10 N are connected to
the two ends of a light inextensible string, passing over a smooth pulley.
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placed on a smooth horizontal surface while the weight

The weight of 20 N is
Find :

of 10 N is hanging free in air.

0] the acceleration of the system, and
(i) the tension in the string. Take g = 9.81 m/s 2,

Sol. Given:
Weight pl aced on horizontal surface, W2 =20 N
Weight hanging free in air, W1 =10 N

g=9.81m/s 2

Acceleration due to gravity,

a = Acceleration of the system, and

Let
T = Tension in the string.

The horizontal surface is smooth. Hence the acceleration and tension

are ob tained by using equation (6.9) and (6.10).
Using equation (6.9) for acceleration, we have

8 =3.27 m/s 2. Ans.

a =

= —=6.67 N Ans.

T= =

Problem 6.20. If in the problem 6.19, the horizontal surface is a
rough one, having co -efficient of friction between the weight 20 N and the

plane surface equal to 0.3 determine:

(i) the acceleration of the system, and
(if) the tension in the str  ing.

Sol. Given : (From Problem 6.19)
W1 =10N,W1=20N,g =9.81m/s 2.
Co-efficient of friction between weight 20 N and horizontal surface,

{ =0.3

a = Acceleration of the system, and
T = Tension in the string.

For a rough horizontal surface, the acceleration and tension are
obtained by using equations (6.11) and (6.12).
Using equation (6.11) for acceleration, we have

Let

8 8 = 8 =1.308 m/s 2. Ans.

a =

180
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Using equation (6.12) for tension, we have

T= - 8 - = 8.66 N. Ans.

Problem 6.21. Two blocks shown in Fig. 6.15 have weights A =20N
and B = 10 N and co -efficient of friction between the block A and the
horizontal planeis t =0.25. If the system is released from the rest and the

block B falls through a vertical distance of 2m,whatist he velocity attained
by block B. Neglect the friction in the pulley and the extension of the string.
Sol. Given:
Weight of block A, W2 =20 N 20N
Weight of block B W1 =10 N //l<///
eight of block B, =
’ 1 7/
Co-efficient of friction, t =0.25
Distance moved by block B, s=2m
Initial velocity of block B, u=0.

Let v = Final velocity of block B
a = Acceleration of the system or

Fig. 6.15
acceleration of block B. g
Using equation (6.11) for acceleration, w e have
a= . 8 =8 =1.635m/s 2. Ans.

Now using the relation,
U =0 +2as=0+2x1.635x2=6.54
C v = Vg® 1= 2.557 m/s Ans.

Problem 6.22 . Two bodies of weight 10 N and 1.5 N are connected to
the two ends of a light inextensible string, passing over a smooth pulley.
The weight 10 Nis placed on a rough horizontal surface while the weight of
1.5 N is hanging vertically in air. Initially the friction between the weight 10
N and the table is just sufficient to prevent motion. If an  additional weight
of 0.5 N is added to the weight 1.5 N, determine :

(i) the acceleration of the two weights, and
(i) tension in the string after adding additional weight of 0.5 N to the
weight 1.5 N. takeg=9.80m/s 2

Sol. Given:
Weight placed on rou gh horizontal surface, W2 =10 N
Weight hanging free in air, 7 “=15N
Additional weight added to W1 =05N
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C Total weight hanging in air in second case.

W:i=1585 +05=20N

A#R
Z <
T
10 NZZ > <
7777, //
‘_._
Frictional
force JVW2 T
1.5N
Fig. 6.16

Let T = Tension in string when hanging weightis 1.5 N

R = Normal reaction between the weight 10 N and the table
surface

T1 = Tension in string when hanging weight is 2.0 N
a = Acceleration of the system when hanging weight is 2.0 N

Initially, the friction between the weight 10 N and the tab le is just
sufficient to prevent motion.

C Max. Frictional Force, F=T=15N.
But frictional force, F= R
or 1.5=t x10 (CR=W2=10N)
] 8
C t =— =0.15

where t is the co -efficient of friction

When an additional weight 0.5 N is added to the hanging weight 1.5

N,the system stars moving wia@ h an accelerat.i

(i) Acceleration of the two weights

Using equation (6.11), we have

8 8 8 8 8
a= = = =0.408 m/s 2. Ans.

(i) Tension in the stin g

Using equation (6.12) we have

T= = (Ct =0.15)
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-— 8 - 1.916 N. Ans.

6.7.2. Motion of Two Bodies Connected by a String when One
Body is Lying on Inclined Pla ne and the other is Hanging Free in Air

1. First case when the inclined surface is smooth

Fig. 6.17 shows two bodies of weights W 1 and W 2 connected by a light
inextensible string, which passes over a smooth and weightless pulley. The
weights W » is placed on the horizontal, whereas the weight W 1 is hanging
free in air.

As the inclined plane is smooth
and hence the friction between the
weight W 2> and the inclined plane will
be neglected. When the weight W 1 is
moving downwards, the weight W2 will
be moving upwards along the inclined
plane. The velocity and acceleration of
the weight Wi will be same as that of
weight W2 Since the pulley is smooth
and string is light and inextensible,
the tension* in the string on both sides Fig. 6.17
of the pulley will be same.

Let a = Acceleration of the system i.e., acceleration of weight W1 as
well as acceleration of weight Wo.

T = Tension in the string,
[ = Inclination of the inclined plane.

Consider the motion of weight Wi The weight W31 is moving
downwards with an ac c el e r a&. tTheoforcesbacting on W31 are: (i) its
weight W1 acting downwards, and (i) tension T acting upwards.

C Net downwards force =W:18T

But net downwards force = mass x acceleration .

C (W1 -T)=— x a (Cmass= —) é (i)
Now consider the motion of weight W 2. The weight W3 is moving
upwards along the inclined plane with an acceleration a. The forces a cting

on W along the plane are shown in Fig. 6.18. They are:

() W> sin [ downwards and
(i) Tension T upwards

C Net force acing on W along the plane in the upwards direction
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=T - W2sin |

But net force = mass x acceleration .

C T-Wzsin [ =— xa

(Cmass =

)ée (i)

Adding equations (i) and (ii)

Wi -Wzsin [ =—xa+—xa

= — (W1-Wz2)m/s 2
Hence equation (6.13) is used for finding the acceleration of the
system .

To find the value of te nsion T, in the string, the value of a from
equation (6.13) is substituted in equation (i),

C Wi-T=—xg
= (cancelling
7, 7:.081
or TOW;- =Wi1 p o <08
Tp T¢
70 7¢ 7, 7.08I
=W o S p q -
' Tp T¢
= e ( a4)

Equation (6.14) is used for finding tension T in the string.
2. Second case when the inclined surface is rough

As the surface of the inclined plane is not smooth, hence a force of
friction equal to { R will be acting on the weight W, in the opposit e direction
of motion of weight W 2 as shown in Fig. 6,19.

Let t = Co-efficient of friction between
the weight W > and inclined surface,

| = Angle of the inclination of  the plane
a = Acceleration of the system,

T = Tension in the string,

R - Normal rea ction acting on W>

Fig. 6.19
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The forces acting on the weight W > are shown in Fig. 6.19. Equating
the forces normal to the plane, we get

) R = W:cos [
G Friction force, F=1R
=f{ Wacos | é (i)

Consider the motion of weight W1 is moving downwards wit h an
acceleration a.

The net downward force actingon W 1 = (W1 - T).
Mass of weight Wi =—

But net force = mass x acceleration .
¢ (Wi18T)=— x a é(ii)

Now consider the motion of weight W  >. The weight W > is moving
upwa rds along the inclined plane with an acceleration a. The net upward
force along the inclined plane acting on weight W >

=TOW2sin [ 0tR
=TAdW2sin [ 8{ W2 cos [ [CFrom (i) tR ={W2 cos []

Mass of weight Wz = —

Using, Net force = mass x acceleration .

C T&W2sin [ -tWacos[ =— xa é(iii)
Adding equation (ii) and (iii) we get

Wi -Wasin | -fWacos[ =—xa+—xa=—[W1 + Wz]

¢ a= 6(6.15)

Equation (6.15) is used for finding acceleration of the system. To find
tension T in the stadi hgomtbeegeuatl are ©6. D5)
in equation (ii).

¢ W18T)=—x

C TOW: -
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7 7.081 17 A1fC
— p S q
= Wi p 7, 7¢

Wi 7o 7c 7, 7.0 t7ATJC

7p 7 ¢

=——— 7 7 OHI t7AI[O

(L+sin [ +1 sin ) e(6.16)
Equation (6.16)is used for finding tension in the sting.

Problem 6.23. Two bodies of weights 40 N and 15 N are connected to
the two ends of a light inextensible string, which passes over a smooth
pulley. The weight 40 N is placed on a smooth inclined plane, while the
weight 15 N is hanging freeinai  r. Ifthe angle of the planeis 15  °, determine:

(i) acceleration of the system, and
(i) tension i n the string. Take g = 9.80 m/s -2

Sol. Given:
Weight placed on inclined plane, W, =40 N
Weight hanging free in air, W;:=15N
Angle of inclination, [ =15°
Acceleration due to gravity, g=9.80m/s -2

Let a = Acceleration of the system
T = Tension in the string.

The inclined surface is smooth. Hence the acceleration and tension
are obtained by using equations (6.13) and (6.14).

(i) Using equation ( 6.13) for acceleration,

-8 8 _0828 mis 2 Ans.

(i) Using equation (6.14) for tension,

= =13.732 N. Ans.
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6.8 LAW OF CONSERVATION OF MOMENTUI

It states that if the resultant of the external forces acting on a system
is zero, the momentum of the system remains constan t. This means that
the total momentum of the system before collision is equal to the total
momentum of the system  after colli sion. The system may consist of one body
or two bodies or more.

Impact means the collision of two bodies which occurs in a very sma ll
interval of time and during which the two bodies exert very large force on
each other.

This large fo rce is known as impulsive force . And the product of this
impulsive force and small interval of time is known as impulse.

The two bodies A and B are mov  ing in a horizontal line before collision
with velocities 0 and 6 inthe same direction i.e., along X-axis as shown in
Fig. 6.20 (a). if 0 > 6 the body A will strike the body B and collision will
take place. Let C is the n point of colli sion of the two bodies as shown in Fig.
6.20 (b). The point C is also known as the point of contact. The line joining

the centres of these two bodies and passing through the point of contact is
known as line of impact. Hence here the line 01-C-O: is called line of
impact.

Point of contact or
point of collision

il s V, Line of
2 impact
B
Body A
(a) (b)
Fig. 6.20

The collision between two bodies is known as direct impact if the two
bodies before impact, are moving along the line of impact.

The two bodies shown in Fig. 6.20 is having a direct impact.

Let & = Mass of the body A
0 = Initial velocity of body A, i.e., the velocity of body A before
collision along x -axis.
0 = Final velocity of body A (after collision) along x -axis.

a ,0 and v are the mass of body B, velocity  of body B before collision
and velocity of the body B after collision along x -axis respectively.

The momentum of the body A before collision
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= Mass x Velocity = & , 6 , kg m/s.
The momentum of the body B before collision
=d x0 =& 0 kgmils.
C Total initial momentum (i.e., momentum before collision)
=& 0 +a 6, kgm/s e (i)

Similarly, total final momentum (i.e., momentum after collision)

Mass of body A x Final velocity of A+ Mass of body B
x Fina | velocity of body B

auv +da o e (i)
But according to the law of conservation of momentum,
Total initial momentum = Total final momentum

or a0 +d 6 =duv +4& 0.
6.8.1. Problems Based on Conservation of Momentum

Problem 6.24. Ball A of mass 1 kg moving with a velocity of 2 m/s,
strikes directly on a ball B of mass 2 kg at rest. The ball A, after striking,
comes to rest. Find the  velocity of ball B after striking.

Sol. Given:
Mass of ball A, a =1Kkg
Initial velocity of ball A, 6 =2m/s
Mass of ball B a =2kg
Initial velocity of ball B, 0 =

Final velocity of ball A, v =
This is a case of direct impact.
Let U = Velocity of ball B after impact.
Total initia Imomentum =& 6 +& 6 =1x2+2x0=2kgm/s.
Total final momentum =d 0 +a 0 =1x0+2x 0 =20 kgm/s.
According to the law of conservation of momentum,
Total initial momentum = Total final momentum
C 2=2x 0
C 0 =-1m/s. Ans.

Problem 6.25. A body of mass 50 kg, moving with a velocity of 6 m/s,
collides directly with a stationary body of mass 30 kg. If the two bodies
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become coupled so that they move on together afte rthe impact, what is their
common velocity.

Sol. Given:

Mass of first body, a =50Kkg

Initial velocity of first body, 0 =6m/s

Mass of second body, a =30Kkg

Initial velocity of second body, 0 =

Total mass of two bodies =(& +a )=(50+30)=80Kkg.

Let V = Common velocity of the two bodies after impact.

Total momentum before impact =& 6 +a@ 6 =50x6+30x0 =300
kg m/s

Total momentum after impact = a +a& xV=(0B0+30)xV=80 Vkg
m/s

But total momentum before impact = Total momentum after impact
or 300=80 xV

C V =—3.75 m/s. Ans

Problem 6.26 . A bullet of mass 50 gm is fired into a freely suspended
target to mass 5 kg. On impact, the target moves with a velocity of 7 m/s
along with the bulletin  the direction of firing. Find the velocity of bullet.

Sol. Given:
Mass of bullet, a =50gm =—V =—=0.05kg
Mass of target, a =5kg
Initial velocity of bullet =0

Initial velocity of target, o =0
Total mass of bullet and target =5 + 0.05 = 5.05 kg
Final velocity of bullet and target =7mls
Total initial momentum (i.e., momentum before impact)
=4 x0 +a x06 =0.05x 0 +5x0
=0.05 6 kg m/s
Total final momentum (i.e., momentum after impact)
= Total mass x Common velocity = (5.05) x 7kg m/s

Equating the initial momentum to final momentum, we get
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, <, 8
0.05 0 =5.05x7 CoO :T:707 m/s. Ans.

Problem 6.27. A ball of mass 20 kg moving with a velocity of 5 m/s
strikes directly another ball of mass 10 kg moving in the opposite direction
with a velocity of 10 m/s. Determine the velocity of first ball in terms of
velocity of second ball after impact.

Sol. Giyen:
Mass of first ball, a =20Kkg
Initial velocity of first ball, 0 =5m/s
Mass of second ball, a =10kg
Initial velocity of second ball, 0 =-10m/s

(Negative sign is due to opposite direction)
Let 0 = Velocity of first ball after impact
0 = Velocity of second ball after impact

Total momentum before impact

=& 0 +a 6 =20x5+10x( -10)

=100 0100=0
Total momentum after impact

=& 0 +a 0 =200 +100
Equating the total momen tum after impact and before impact, we get

200 +100 =0or U0 =——=-—-0 . Ans.
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STUDENT ACTIVITY

3. Explain the terms : Momentum of a body.

Applied Mechanics

4. Define and explain the Newton Laws of motion for linear motion.
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SUMMARY

The quantity of matter contained in a body known as mass of the body.
2. The weight o fa body is defined as the force by which the body is attracted
to wards the centre of earth. Weight of the body is given by

=

Weight = Mass x g.

3. Momentum of a body is the product of the mass and its velocity
4. The external force acting on a body is directl y proportional to the rate of
change of momentum in the same direction.

¢ F=mxa

where m = Mass of the body, and
a = Acceleration of the body.

A unit force is one, which produces unit acceleration on unit mass.
Newton is that force which acts on a body of mass one kilogram and
produces an acceleration of 1 m/s 2 in the direction of force.
7. Dyne is that force which acts on a body or mass one gram and produces

on acceleration of 1 cm/s 2 in the direction of force.
8. The relation between newton and dyne is given by

1N =105 dyne.

9. If the external force acts on the body in the direction of motion of the
body, the body will have acceleration. But if the external force acts
opposite to the direction of motion of the body, the body will have
retardation.
A weight W is attached to one end of a string, which passes over a pulley
of weight W o, the other end of the string is attached to the periphery of
the pulley. The acceleration with which the weight W moves downwards
and tension (P) in the string are given by :

o

10.

a=———

P =

Two weight s W1 and W » are connected to the two ends of a string, which
passes over a rough pulley of weight W o. The acceleration of the system

and
11.

and the tensions in the two parts of the strings are given by (If W 1> Wp)
a= , Y= —
and Y= —
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TEST YOURSELF

(A) Theoretical problem

1. Define the terms: Mass of a body and weight of a body. What is the

relationship between the two ?

Explain the terms : Momentum of a body.

Define and explain the Newton Laws of motion for linear motion.

Derive the relation, F= ma

where m = Mass, a = Acceleration, and F = Force acting on a body.

5. State Newton's law of motion  and explain them by giving an example in
each case.

6. Define a unit force, Newton and dyne. What is the relationship between
a newton and a dyne ?

7. Two weights W 1 and W , are connected by a light and inextensible string,
passing over a smooth pulley. If W 1 > W>, prove that the acceleration (a)
of the system and tension in the string are given by

B

a=———and T =

8. Two weights W 1 and W > are connected by a light and inextensible string,
which passes over a smooth pulley. The weight W > is placed on a smooth
horizontal surface and weight W 1 is hanging free. Prove that the
acceleration ( a) of the system and tension (T) in the string are given by,

a=———and T=

(B) Numerical Problem

1. Find the force acting on a body of mass 100 kg and producing an
acceleration of 2 m/s 2 in its direction.
[Ans. 200 N]
2. A force of 450 N acts on a body having a mass of 150 kg for 5 seconds.
If the initia | velocity of the body is 10 m/s, determine :
() acceleration produced in the direction of force, and
(i) distance moved by the body in 4 seconds.
[Ans. (i) 3m/s 2, (ii) 64 m]
3. The weight of a body on earth is 490 N. If the acceleration due to gravity
on earth =9.8 m/s 2, what will be the weight of the body on :
(i) the moon where gravitational acceleration is 1.5 m/s?, and
(i) the sun, where gravitational acceleration is 300 m/s 2,
[Ans. (i) 75N, (ii) 15000 NJ ]
4. A force of 300 N acts on a body of mass 150 kg for 30 seco nds, If the
initial velocity of the body is 25 m/s, determine the final velocity of the
body, when the force :
(i) acts in the direction of motion, and
(i) acts in the opposite direction of motion.
[Ans. (i) 85 m/s, (i) - 35 m/s]
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A body of mass 20 kg falls on the muddy ground from a height of 39.2
m. The body penetrates into the ground. Find the distance through which
the body will penetrate into the ground, if the resistance by the ground
to penetration is con stant and equal to 980 N. Take g = 9.8 m/s 2,
[Ans. 9.8 m]

A man weighing 585 N dives into a swimming pool from a tower of height
9.8 m. He was found to go down in water by 1.5 m and then started
rising. Find the average resistance of water.

[Ans. 452 kgf]

. A bullet weighing 80 gmf and moving with a velocity of 350 m/sec is fired

into a log of wood and it penetrates to a depth of 15 cm. If the bullet
moving with the same velocity, were fired into a similar piece of wood 10
cm thick, with what velocity would it emerge? Find also the force of
resistance assuming it to be uniform.
[Ans. 202 m/s, 32666 N]
A car, moving on a straight level road, skidded for a total distance of 40
metres after the brakes were applied. Determine the speed of the car,
just before the brakes were applied, if the co -efficient of fric tion between
the car tyres and the roadis 0.4. Take g=9.80 m/s 2.
[Ans. 63.75 km/hr ]
A lift carries a weight of 110 N and is moving with a uniform acceleration
of 3 m/s 2. Determine the tension in the cables supporting the lift, when
(i) liftis moving upwa rds, and
(i)  lift is moving downwards. Take g = 9.80 m/s2.
[Ans. 143.67 N, 76.34 N ]
A lift has an upward acceleration of 1.5 m/s2. What pressure will a man
weighing 500 N exert on the floor of the lift ? What pressure would he
exert i fhadtahaccelleration of 1.5 m/s2 downward ? Take g= 9.8
m/s 2.
[Ans. 576.5N, 423.5 N]
An elevator weighs 2000 N and is moving vertically downwards with a
uniform acceleration. Write the equation for the elevator cable tension.
Starting from rest it travels a dis tance of 30 m during an interval of 12
seconds. Find the cable tension during this time. Neglect all other
resistances to motion. What are the limits of cable tension ?
[Ans. 1915.2N,at f=0,T=2000andat f=9.81,T =0]
An elevator weighing 6000 N is ascending with an acceleration of 2 m/s 2,
During this ascent its operator whose weight is 600 N is standing on the
scales placed on the floor. What is the scale reading ? What will be the
total tension in the  cables of the elevator during this motion ?
[Ans. 722.3 N, 7945.5 N]
Two bodies of weight 60 N and 40 N are connected to the two ends of a
light in extensible string. The string is passing over a smooth pulley.
Determine :
() the acceleration of the system, and
(i) the tension in the string. Take g= 9.80 m/s 2
[Ans. 1.96 m/s 2,48 N]
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14. Two bodies of weight 40 N and 20 N are connected to the two ends of a
light in extensible string, passing over a smooth pulley. They weight of
40 N is placed on a smooth horizontal surface while the weight of 20 N
is ha nging free in air. Find:
(i) the acceleration of the system, and
(i) the tension in the string. Take g = 9.81 m/sec 2,
[Ans. 3.27 m/s 2,13.33 N]
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7 SIMPLE MACHINES

LEARNING OBJECTIVES

Concept of Machine

Mechanical Advantage, Velocity Ratio and Efficiency of a Machine
Law of a Machine

Lover

Simple Wheel and Axle

Single Purchase Crab Winch

Pulleys

Screw-Jack

= =4 4 8 8 -8 -8 -9

7.1 CONCEPT OF MACHINE

A machine is a device which is capable of doing useful work. It receives
the energy in some available form and uses that energy for doing a useful
work.

Lifting machines are those machines, which are used for lifting loads.
The force (or effort) is applied at one point of the machine and weight (or
load) is lifted at the other point of the machine. The examples of lifting
machine are lever, screw jack, inclined plane etc .

7.2 MECHANICAL ADVANTAGE, VELOCITY RA
AND EFFICIENCY OMACHINE

To define the technical terms, used with a lifting machines, let us
consider a machine which an effort P is applied and a load W is lifted.

Let y = Distance moved by effort P
x = Distance moved by the load W

Then the terms, and with the lifting machines are defined as
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7.2.1 Input of a Machine.

Input of a machine is defined as the work done on the machine. But the
work is done on the machine by the effort. Hence the product of effort and
distance moved by the effort givest  he input of the machine.

Mathematically, input of a machine is given as,

Input = Effort x Distance moved by the effort = Pxy e(7.1)

7.2.2 Output of a Machine.

Output of a machine is defined as the actual work done by the
machine. As machine is used for lifting load, hence work done by the
machine is equal to the product of the load lifted and the distance through
which load is lifted. Mathematically

Output of the machine = Load x Distance through which load is lifted
=W x x e (7.2)

7.2.3. Efficiency of a Machine (8).

Efficiency of a machine is defined as the ratio of output of the machine
to the input of the machine. It is denoted by the symbol s. Thus
mathematically,
_Out puiWwx

I nputPy - (7.3)

It is generally ex pressed as a percentage i.e.,

Out t
s=—"LZ%00

Il nput
7.2.4. Velocity Ratio (V.R.).

It is defined as the ratio of the distance moved by the effort to the
distance moved by the load. It is denoted by the symbol V.R. Thus
mathematically,

Distance movedy by effort

6&8:Distance movedx by Ioad""(7'4)
7.2.5. Mechanical Advantage (M.A.).
Itis defined as the ratio of the load or weight lifted to the effort applied.
It is denoted by M.A. Thus mathematically,
-88=——=—= ... (7.5)

Ef fort z;[P,)I i ed

7.2.6. Ideal Machine.

If the friction in a machine is negligible, the machine is
known as ideal machine. In ideal machine the efficiency is 100% and output
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is equal to input. Equating the input and output given by equations (7.1)
and (7.2), we have for ideal machine .

Pxy=WxX or%z;

But from equation (7.4). % = V.R. and from equation (7.5) . 5 M.A.
Hence for ideal machine.
V.R. = M.A. . (7.6)

In actual practice, no machine is ideal. A part of the work done on the
machine is always lost in overcoming friction and hence the work done on
the machine is always greater than the work done by the machine

terms of mechanical

in

7.2.7. Efficiency of a machine (
and velocity ratio

)

V.R.

Efficiency of machine is given by equation (7.3) as

_OutpuWw]x W/ X
T InputPly Ply

_ M. A. A0 _ o .
=7 R ((;P—M.A.andy—V.R.) e (7.7)
Problem 7.1. An effort of 100 N is applied to a machine to lift a load
of 900 N . The distance moved by the effort is 100 cm. The load is raised
through a distance of 10 cm. Determine the mechanical advantage, velocity
ratio and the efficiency of the machine

Sol. Given :

Effort applied P=100N
Load lifted W =900 N
Distance moved by effort, y =100 cm
Distance moved by load, r=210cm

() Mechanical advantage (M.A) is given by equation (7.5) as
-88=—=—=09.0. Ans.
P p T
(i) Velocity ratio (V.R.) is given by equation (7 4) as
688= - = — = 10.0. Ans.
y pT

(iii) Efficiency ( s) is given by equation (7.7) as

88 8
= — = — = = 0
5=V R . 0.9 or 0.9 x 100 90% Ans.
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Second Method
The efficie ncy of the machine can also be calculated as

Input to the machine =  Effort applied x Distance moved by the effort
=P xy =100 x 100 N cm.
Output of the machine = Load x Distance moved by the load

=900 x 10 = 9000 N cm.

x 100
l nput

C Efficien cy, S =

= m >:f 'OI.OOO = 90% Ans.

Problem 7.2. An effort of 500 N is applied through a distance of 5 m
to a lifting machine to raise a load through a distance of 50 cm. If the
efficiency of the lifting  machine is 80 %, determine .

() Load lifted by the machine,
(i) Mechanical advantage.
(i) Velocity ratio

Sol. Given:
Effort applied P=500N
Distance moved by effort, y=50m
Distance moved by load, x=50cm = 0.50 m.
ici = 0, —
Efficiency, s =80% or 100> 0.8.

(i) Let W - Load lifted by the machine in Newton

Now ° = l nput
But Output = Load x Distance moved by load
=W x 0.50 Nm

Input = Effort x Distance moved by effort
=500 x 5.0 =2500 Nm

) 8

¢ = 25000r0.8— 2500

) 8

C W= ——— =400 N. Ans.
0.5

(i) Mechanical advantage (M.A.) is given by equation (7.5) as

-84 8=—= = 8.0. Ans.
TT

P LTI
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(i) Velocity ratio (V.R.) is given by equation (9.4.) as

628=2L = -2 = 10.0. Ans.
mT8UuU T
Problem 7.3. An effort of 20 N is applied to a machine to lift a load of
900 N The distance moved by the effort is 2.40 m und by the load the
distance moved is 4 cm.

Determine:
() Mechanical advantage of the machine,
(i) Velocity ratio of the machine,
(i) Efficiency of the mach ine.

Sol. Given:

Actual effort, P=20N
Load lifted W =900 N
Distance moved by effort, y=240m

Distance moved by load, x =4 cm =0.04 m.

() Mechanical advantage (M.A.) is given by equation (7.5) as

-8 8 —=—=45.0. Ans.
P i

(i) Velocity ratio (V.R.) is given by equation (7.4) as
y 8
688===——=60.0. Ans.
M8TT

(i) Using equation (9.7) for efficiency,

88 8
§s=—=——=-=0.750r0.75%x100= 75% Ans.
V. R.@em8ru
Problem 7.4. The efficiency of a lifting machine is 70% when an effort
of 10 N is required to raise a load of 500 N. Determine the mechanical
advantage and velocity ratio of the machine

Sol. Given

Efficiency, s =70% = Tod 0.70
Effort, P=10N

Load, W =500 N

Mechanical advantage is given by equation (7.5) as
- 88 —=—=50. Ans.
P p T

Using equation (7.7), we get

=V R.
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p M. A.
C 688= . T mey 71.43 . Ans.

7.3 LAW OF A MACHINE

The law of a machine is defined by an equation which gives the
relationship between the effort required to raise the corresponding load.
This is obtained by drawing a graph between the efforts and the
corresponding lo ads lifted by the efforts.

Fig. 7.1 shows the graph
between effort and the lo ad. The
various values of the efforts required yA
to raise the corresponding loads are
plotted. Then a straight line is drawn
as shown in Fig. 7.1. For an ideal
machine the straight line will pass
through the origin. But for an ac tual
machine, the straight line will
intercept the y-axis as shown in Fig.
7.1. The intercept OA =  Effort applied
to the machine to overcome friction. If o
the effort applied is less than OA, the
load will not be lifted. The law of a
machine is given mathematically as

Graph for
actual machine

Effort (P) ——»>

Graph for
ideal machine

3

Load (W) ——»

Fig. 7.1 Law of machine

y=mx +c
where y = Effort= P
x = Load = W and c = constant
C The law of machine becomes P =mW +c e(7.8)

In equation (7.10)

m = Slope of the line AB and is equal to a constant which
is known co -efficient of friction

c = Intercept of the line on  Y-axis and is equal to the effort
required to overcome fri ction .

Problem 7.5. In a lifting machine, an effort of 15 N raised a load of
770 N. What is the mechanical advantage ? Find the velocity ratio if the
efficiency at thisload is  60%.

If on the machine an effort of 25 N raised a load of 1320 N, what is
the efficiency?

Sol. Given:

First Case,

Effort, P1,=15N

Load, Wi =770 N
Efficiency, s =60% = 0. 60.
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Using equation (7.5),

-8 8 —=—=51.33. Ans.
pPu
Usin tion (7.7 __B88
sing equation (7.7), §—V.R.
, M. A. 8
C 688= — = —— =85.55 . Ans.
s m8eTm
Second Case,
Effor t, P> = 25N
Load, W2 =1320 N

The velocity ratio wi Il be same as in the first case.
C V.R. =85.33

M.A. in second case =— = W = 52.80.

Efficiency is given by equation (7.7) as

88 8
S=—= =0.617 = 61.7% AnSs.
V. R.¢yv80co
Problem 7.6. Find the law of a machine in which an effort of 15.6 N

raised a load of 70 N and an effort of 19.5 N raised a load of 90 N. Find what
effort is required to liftaload of 100 N ?

Sol. Given
Effort P=155Nandload W =70N
Effort P=19.5N andload W =90 N

The law of the machine is g iven by equation (7.8), as
P=mW +C

Substituting the values of P and Win the above equation,

155= mx 70+ C .. ()
And 195= mx 90 + C é(ii)
Subtracting equation (i) from equation (ii ). we get
4=20m
¢ m=—=-=02

Substituti ng this value of min equation (i ),
155=0.2 x70+C=140 +C
C C=155 -14.0=1.5
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C The law of the machine becomes as

0) P=0.2W + 1.5. Ans.
(i) Effort required to lift a load of 100 N

P=02W+1.5
=0.2 x 100 +1.5 (CW =100 N)
=20+15= 21.5.Ans.

Problem 7.7. The efficiency of a machine is 80% when an effort of 15
N is required to lift a load of 130 N. Calculate the velocity ratio.

Sol. Given:

Efficiency s =80% = ?T: 0.8
Effort , P=15N

Load, W =130 N

Using equation (7.7), we get

S=V. R 6828 CMA. = 2)
or 0.80=_-pU 6828
88
68 = = 10.833 Ans.
pu m8y

Problem 7.8. What load will be lifted by an effort of 12 N if the velocity
ratio is 18 and efficiency of the machine at this load is 60%?

Sol. Given:

Effort , P=12N

Velocity ratio, V.R=18

Efficiency , s =60% =0.60

Frictional resistance of the machine = constant

First Part

Let W = Lo ad lifted by the effort P =12N
Then MA. =—=—

Using equation (7.7), we have

88 —
S_TR_.__ or0.60= ——

W=0.60x12x18= 129.6 N Ans.

Self-Instructional Material 203




Applied Mechanics

7.4 IMPORTANT LIFTING MACHINES

The following are the important lifting machines

Lever

Simple wheel and axle.
Differential wheel and axle.
Single purchase crab winch.
Double purchase crab winch
Pulleys :

(a) First system of pulleys
(b) Second system of pulleys
(c) Third system of pulleys.
7. Screw jack :

(a) Simple screw jack

(b) Differential screw jack.

ohkwnpE

7.5 LEVER

Lover is a basic simple machine, which is used to lift heavy loads by
applyinga small force. It is a rigid straight bar which rests on a point, called
fulcrum. The lever can also turnabout fulcrum.

Fig. 7.2 shows a lever wh ich is resting on fulcrum point O. The effort
is applied at point B and load ( W) is lifted at point  A.

Let a = Distance of point A, at which load is applied, from fulcrum O.
b = Distance of point B, at which effort is applied from fulcrum O
P = Effort a pplied at point B.
W = Weight lifted at point  A.

When lever is in equilibrium, the resultant moment of all forces about
point O should be zeroi.e. B- =0.

C Wxa=Pxb
or —=—-—o0orP==-xW
or W=-xP

As the distance b is more than distance a, hence load, W will be more
than effort P. Hence we can say that by applying a small force, a heavy weight
can be lifted by lever.

7.6 SIMPLE WHEEL AND AXLE

Fig. 7.3 shows a simple wheel and axle which consists of two cylinders
A and B of different diameters keyed to the same shaft. The bigger cylinder
A is called the wheel, and the smaller cylinder B the axle .
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A string is wound round the axle B,
which carries the load W to be lifted. A A
second string is wound round the B

wheel A, to which effort is applied. The { :)_T_

two strings are wound in the opposite
directions. Hence a downward motion
of P will raise the load W.

Let W = Load lifted,
P = Effort app lied,
D = Diameter of wheel, and
d = Diameter of axle. Fig. 7.3

Load P
(Effort)

As the wheel and axle are keyed to the same shaft, hence when wheel
makes one revolution, the axle will also make one revolution.

Distance through which load moves in one revolution = “d
Distance t hrough which effort moves in one revolution = “D
6&28:Di.stance moved by effort
Di stance moved by | oad
=—z=- e(7.9)
88
M.A. = — and S=V R

Problem 7.9. A weight of 48 N is to be raised by means of a wheel and
axle. The axle is 100 mm diameter and wheel is 400 mm diameter. If a force
of 16 N has to be applied to the wheel, find
() Mechanical advantage,
(i) Velocity ratio, and
(iii) Efficiency of the machine,

Sol. Given:

Weight W =48 N
Force P=16N
Dia. of wheel D =400 mm
Dia. of axle, d =100 mm

() Mechanical advantage is given by,

M.A. =— =—=3.0. Ans.

(i) Velocity ratio is given by equation (7.9) as

V.R. =—=—=4.0. Ans.

(iif) Efficiency of the machine is given by
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88
S=—=-=0.75= 75% Ans.
V. R.

7.6.1. Differential Wheel and Axle.

Fig. 7.4 shows a differential wheel and axle. The axle is made up of
two cylinders B and C of different diameters. The wheel A and the axle B
and C are keyed to the same sh aft.

One string is wound round
the wheel A to which effort P is A
applied. The Wheel second string is Axle K3
wound round the axle B and C. This Shaft
string goes around a pulley  to which '/ .
the weight W is attached. This string | d,
is wound on the axle B and C in 3
such a way that as the shaft rotate,
the string unwinds on the axle C
and winds at the same time on axle
B, lifting the weight W. The two
strings on the wheel A and on axle vp
C must be wound in the  same e =i
direction .

Wheel

o)

Shaft

__—"
[
— & —p
ooy
'\

)

Fig. 7.4

When the string unwinds from the wheel A, the other s tring also un -
winds from the axle C, butitwinds on Fig. 7.4 the axle B as shown in Fig.
7.4.

Let P = Effort applied,
W = Weight lifted ,
D = Diameter of the wheel A,
di1 = Diameter of the axle B, and
d2> = Diameter of the axle C.

For one revolution of t he wheel and axle :

Distance moved by effort= “D

Length of string that winds on the axle B="d:
Length of string that unwinds on the axle C="d2

As dia. of axle B is more than the dia, of axle C, hence “d1 > “d2

C Net length of string whichw  illwound =*“d1 - “d2

C Distance moved by weight =-["d:1-"d2]
. Di stance moved “fort

G 6628_Distance mo v e d- rad
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- 6(7.10)

and M.A. = —

88
=V R.

Problem 7.10. For a differential wheel and axle the diameter of wheel
is 25 cm. The larger and smaller diameters of the differential axle are 10 cm
and 9 cm respectively. An effort of 30 N is applied to lift a load of 900 N.
Determine:

() Velocity ratio,
(i) Mechanical advantage, and
(iii) Efficiency of the differential wheel and axle.

Sol. Given:

Dia. of wheel, D =25cm
Large dia . of axle, di1 =10cm
Small dia. of axle, d2=9cm
Effort applied P=30N
Lord lifted W =900 N

() Velocity ratio is given by equation (7.10) as

V.R. = = = 50. Ans.

(i) Mechanical advantage is given by,

M.A.= —=—=30. Ans.

(iii) Efficiency is givenby s = V—Si: -=0.6 = 60% Ans.

7.7 SINGLE PURCHASE CRAB WINC

Fig. 7.5 shows a sin gle purchase crab winch, which consists of an
@ffort axle' and a load axle. On effort axle, a small toothed wheel known as
pinion is mounted. On  load axle, a large toothed wheel known as spur wheel
is mounted in such a way that the spur wheel meshes with  the pinion. Both
the axles are suitably mounted on a rigid frame as shown .
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v TmAvAALALGTH

Free rope
end
(a)
Lever
Pinion
Effort T
, axle T1 L
i :
Load axle =
=
g = =t
=
W T2 Spur
wheel |
(b)
Fig. 7.5

A rope is fixed to the load axle and is wound a few turns round it. The
free end of the rope carries the load W.

Effortis applied at the end of the lever which is fixed to the effort axle.
By rotating the lever the pinion is rotated when in turn rotates the spur
wheel and the rope is wound on the load axle, thus lifting the load attached
to the free end of the rope.

Let W =Loadli fted,
P = Effort applied,
T1 = Number of teeth on the pinion,
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T2 = Number of teeth on the spur wheel,
L = Length of lever arm, and
D = Diameter of the load axle.

Consider one revolution of the lever arm.
Distance moved by effort in one revolution = 2 “L
When lever arm makes one revolution, the pinion also makes one revolution.

The spur wheel makes P  — revolution. Also the load axle makes —
revolution .
C Distance moved by load in — revolution
- 13 D —_
~Distance moved by effort
6e8= Di stance moved by | oad
:"’o—:’O e(7.11)
88
M.A.= — and S=7 R,
Problem 7.11. The number of teeth on pinion and spur whee | of a

single purchase crab winch are 10 and 100 respectively.

The diameter of load axle is 30 cm. The length of lever arm is also 30
cm. If an effort of 20 N is required to lift a load of 360 N on this machine,
find:

() Velocity ratio, and
(i) Efficiency of the machine .

Sol. Given:

No. of teeth on pinion, T1 =10
No. of teeth on spur wheel, T> =100
Dia. of load axle, D =30cm
Length of lever, L=30cm
Effort applied P=20N
Load lifted , W =360 N

(i) Velocity ratio is given by equation (7.11) as

6828= S = 20. Ans.

(i) Efficiency is given by, s = Tr

w
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- = — = = 0,
C =% 0.9 = 90% Ans.

7.7.1. Double Purchase Crab Winch.

Fig. 7.6 shows a double pu rchase crab winch, in which velocity ratio
is obtained in two stages by two pairs of gears. It consist s of effort axle, load
axle and intermediate axle.

Effort axle
Intermediate <
axle
/)\ 7.
b ¢ e 5 —— 5 e— v — —
Load % Z Spur
axle = wheel

i
—
($
t_\l\

[
Fig. 76

On the effort axle, a pinion is mounted whereas on the load axle a
spur wheel i s mount ed. On the intermediate axle a pinion and a spur wheel
is mounted. The pinion  of intermediate axle gears with the spur wheel of the
load axle. And the spur wheel of  the intermediate axle gears with the pinion
of the effort axle.

The effortis applied att he end of the lever, which is fixed to the effort axle.

Let W = Load lifted,
P = Effort applied,
T1 - Number of teeth on the pinion of effort axle,
T2 = Number of teeth on the spur wheel of intermediate axle,
T3 = Number of teeth on the pinion of interme diate axle,
T4 = Number of teeth on the spur wheel of load axle,
L = Length of lever, and
D = Diameter of loud axle.

Consider one revolution of lever

Distance moved by the effort =2  “L

No. of revolution made by pinion of effort axle = 1

No. of revolutio n made by the spur wheel of intermediate axle
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No. of revolution made by the pinion of intermediate axle

No. of revolution made by the spur wheel of load axle

C Distance moved by the load = “D = — x —

Di stance moved ef fort

by
by

688=

Di stance moved | oad

- 6(7.12)

Problem 7.12. Find the V.R. and the load which can be lifted by an
effort of 40 N if the efficiency of the double purchase crab is 50%. The
specifications of this machine are:

Dia. of load axle (drum) = 20 cm

Length of lever = 80 cm

No. of teeth on the pinion of effort axle = 10

No. of teeth on the spur wheel of intermediate axle = 100
No. of teeth on the pinion of intermediate axle = 20

No. of teeth on the spur wheel of load axle = 200.

Sol. Given:

Effort

Efficiency,

Dia. of load axle ,
Length of lever,

No.
No.
No.
No.

(

of teeth on spu

628= —
(0}

(i) Efficiency is given by,

of teeth on pinion of effort axle,
r wheel of intermediate axle,
of teeth on pinion of intermediate axle,
of teet h on spur wheel of load axle,

=40 N
s=50%=0.5
D =20cm
L =80cm

T1 =10

T>, =100
T3 =20

T4 =200

) Velocity ratio is given by equation (7.12),

— = 800. Ans.

¢m

88

=V R.
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C M.A.= s x V.R=0.5 x 800 = 400
But MA. = —
C — =400 or W=400x P

=400 x 40 = 16,000 N = 16 kN. Ans.

Problem 7.13. In a double purchase crab, the pinions have 15 and
20 teeth while the spur wheels have 45 and 40 teeth . The effort handle is
40 cm while the effec tive dis, of the drum is 15 cm. If the efficiency of the
winch is 40% and load lifted is 250 N then what effort will be applied at the
end of the handle.

Sol. Given:

No. of teeth on pinion of effort axle, T1 =15

No, of teeth on pinion of intermediate axle, T, =20

No. of teeth on spur wheel of intermediate axle, T3 =45

No. of teet h on spur wheel of load axle, T4 =40
Length of effort handle, L =40cm

Effective dia . of load axle, D =15 cm

Efficiency, s =40% 0 .40

Load lifted = 250 N

Let P = Effort applied

The velocity rat io is given by equation (7.12) as

688= — — @ —= - —=13?
0 o U
- . 88
Now efficiency is given by, s = T a
V. R. ¢ MA=-)
0V R.
(; 0.40 = 0!—32
¢ P = = 19.53 N. Ans.
T8t &2
7.8 PULLEYS

A pulley is a wheel of metal or wood, with a groove around its
circumference, to receive a rope or chain. While dea ling with pulleys the
following assumptions are made
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1. The weight of pulley is small as compared to the weight to be lifted
and thus may be neglected .

2. The friction between the pulley and the rope in negligible and hence
the tensions in the two sides of the rope, passing round the pulley, may be
taken to be equal.

Fig. 7.7 shows a simple pulley with a block supporting the pulley. A
rope is also passing round the circumference of the pulley. If the block is
fixed then the pulley is  known as fixed pull ey. Fig. 7.7 shows a fixed pulley
and if block is movable, then pulley iIs known as movable pulley, Fig. 7.8
shows a movable pulley.

Fig. 7.7

A single fixed pulley. Fig. 7.9 shows a fixed pulley, in which effort is
applied in any convenient direct ion. The weight W is attached to one end of
the string and effort is applied at the other end. In all these cases

() P=W MA.= BMi-9¢ 7 — p
(i) Distance moved by effort = Distance moved by load,

P
F
(a) (b) (¢

)
Fig. 7.9

Self-Instructional Material

213




Applied Mechanics

A movable pulley. Fig. 7.10 shows a singl e movable pulley. One end
of the string is attached to the fixed support and effort is applied at the
other end. The weight W will be equally shared by the two portions of the
string.

¢ P=—or— ¢

Hence here the M.A. is more than one. Bu t the force cannot be applied
easily. So to make force of application to be applied easily, a fixed pulley is
introduced which will not increase the M.A., but will help the operator to
use the force conveniently as shown in Fig. 7.11.

From Fig. 7.11, iti s clear that to raise the load W through a certain
distance, the effort P will have to traverse double the distance. Hence
velocity ratio in this case  will be equal to 2.0

MFLWM
J1
w2
¢ AW/2
wr2 aWwW/2 w/2
= P
W w
Fig. 7.10 Fig. 7.11
System of pulleys. The pulleys are generally used in certain

combinations to  obtain a higher mechanical advantage and efficiency. The
following three system of  pulleys are commonly used

(a) First system of pulleys,
(b) Second system of pulleys, and
(c) Third system of pulleys
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Fixed support !

LLLLLLLLLLLLL L LLLLLLLLLLLLLLLLLLLL L,

T| Y ‘7T217T3

7.8.1. First System of Pulleys.

Fig. 7.12 shows the first system of
pulley. In this system a number of
movable pulleys are used to give a
greater mechanical advantage and
convenience in application of effort is
attained by using last of all a fixed
pulley . In this system one end of each
stri ng is tied to the fixed support while
the other end passing round the 1
periphery of the bottom pulley is
fastened to the block of the next higher
pulley The load attached to the bottom -
most pulley, whereas the effort is applied
to the end of the string pass ing over a
fixed pulley.

A

1, 2, 3 Movable
2 pulleys

Velocity ratio. Let the string be pulled down by the effort through a
distance y. The pulley 3,is supported by two segments of the string, hence

each segment shortens by an equal amount y/ 2. The centre
of pulley 3, therefore move s up by a vertical distance equal to y/2. The
upward movement of pulley 3, moves the centre of pulley 2 by - of Yor L
Similarly, the centre of pulley 1, moves up by a distance = —ofL=L

But to the pulley 1, weight is attached. Hence distance through which
weight is lifted +

Di stance ntoEefé i ofry
Distance nbEAedd YL

V& 8= 23

If there are ' n' movable pulleys, then

V.R.=2n

MA. = —

For ideal machine, s =1 or 100% and hence

M.R. =V.R.

Problem 7.14. There are four movable pulleys in a system of pulleys
of the first type. If aload of 1440 N is lifted by an effort of 200 N. find
(i) efficiency of machine,
(i) effort wasted in friction, and
(i) load wasted in friction
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Sol. Given:
No. of movable pulley a, n=4
Load W = 1440 N
Effort, P=100N
. . . 88
() The efficiency is given by, s = v R
where MA. = —=——=14.4

and V. R. is given by equation (7.13) as
V.R.=2n=24=16

. 88 38
= —_— = — = 0,
G S 0.9 or 90%. Ans.

(i) Effort wasted in friction
For a n ideal machine (or frictionless machine)

s =1 o0r100%

or M.A. =V.R
But V.R. =16
C M.A. =16
But M.A. = — where P’ is ideal effort
¢ — =16
or p*=—=—-=90N
But actual effort, P =100 N
C Effort wasted in friction = Actual effort - Ideal effort

=100 - 90 = 10 N. Ans.

(i) Load wasted in friction

Let W* = |deal load
For ideal machine M.A. =V.R. =16
or : =16
or W* =16 x P, where P = Actual effort =100 N
C =16 x 100 = 1600 N
C Load wasted in friction = Ideal load 0 Actual load

= 1600 0 1440 = 160 N. Ans
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7.8.2. Second System of Pulleys.

Fig. 7.13 (b) and ( c) shows the second sys tem of pulleys which consists

of two blocks each containing a number of pulleys. The upper block is fixed
to a fixed support whereas the lower block is movable. Both the
blocks carry either equal number of pull eys or the upper block may have

one pulley more than the lower one.

The same string is passed round all the pulleys. One end of the string
is fixed to the lower block if the upper block has one pulley more than the
lower one as shown in  Fig. 7.13 (b)], and the other end of the string is free
and effort is applied to this free end.

If both the blocks have the same number of pulleys, then one end of
the string i s fixed to the upper block as shown in Fig. 7.13 (c) and effort is
applied to the other free  end of the string. In both cases, the weight is
attached to the lower block.

Fixed
l-\-k-u-\?-\-m(support Lu.\.u.:n.u.u
/ Upper
\o block

(Fixed)

N\

S~ T

|

7
A

° < /| Lower
/

o
LJ
O

(NS 772\ /4
0
>
—
() 1] 'j

.1 block

£
A

/ \ (Movable)
\. 5 segments / 6 segments
% supporting W ; { supporting W {
w w w
(a) (b) © ()
Fig. 7.13
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The pulleys being smooth, the tension ( T) in the string throughout will
be equal to the applied effort P.

Let n = number of segments supporting the lower block with weight ~ W.
The force supporting the lower block = nxT )
=nxP CT=P)
When lower block is in equilibrium, W=nxP
or —=n
C M.A.= n
Since the system is ideal (i .e., without friction), hence
M.A. = V.R.
V.R.= n e(7.14)
Where n = nu mber of segments supporting the movable block or | oad

= always total number of pulleys in two blocks
When weight of lower block is taken into consideration
Let W = Weight to be lifted
w = Weight of lower block
For the equilibrium of the lower block,

Forces supporting lower block =W + w

or nxp:WxW

or W=nxPow

or —=n-— e(7.15)
The V R. of the system will be same and is equal to n.
C V.R. =n 6[ 7. 15(A)]

where n = number of segments supporting the movable block or load
= always total number of pulleys in two blocks . e[ 7.15(B)

Problem 7.15. A weight of 2000 N lifted by an effort of 600 N, by
second system of pulleys having thr  ee pulleys in the upper block and two
pulleys in the lower  block. Find the efficiency of the system.

Sol. Given:

Weight, W = 2000 N
Effort, P =600 N
Total number of pulleys =3+2=5
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From equation (7.14), we know

V.R. =n
= Number of s egments supporting the movable block
= Total number of pulleys in two blocks

=5 (here)
Effici L b _ 88
iciency is given by, §=c—1
where M.A. = —
C Efficiency - = — x -=0.667 = 66.7%. Ans.
7.8.3. Third System of Pulleys.
Fig. 7.14 shows the third system of pulley . In this system, several
movable pulleys are arranged, keeping the top -most pulley as fixed. The
number of strings are equal to the number of pulleys. One end of each string

is attached to a common block, to which load is attached. The other end of
each string, passing round the periphery of the pulley, is fastened to the
block of the next lower pulley. The effort is applied to the free end of lower
most pulley.

Neglecting friction and weight of pulleys, the equilibrium of the system
gives

W=T1+T2+ T3+ T4
But from equilibrium of pulley sl,2,3and4
T1=P
T2=2T1=2P
T3=2T2=2%x2P=22P

. T4=2T3=2x22T=23P
C W=P+2P+22P+23P=P[1+2+22+23]

—=1+2+22+23
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1,2,3
Movable
pulleys

A\

T,4 T,
P
i
Fig. 7.14
If thereare npulley= —=1+2+22+23+ ¢ééé. .n0t 2

This is a geometrical progression,
(; —=——=2n_1

For an ideal machine (i.e., frictionless machine)

88
s=1=9%.
VR =MA = —=2n-1
V.R.= 2n -1 e(7.16)
Problem 716. There are four pulleys in a third system of pulleys . An

effort of 160 N required to lift an unknown weight. If th e efficiency of this
machine is 7 5% find the weight lifted.
Sol. Given:
No. of pulleys, n=4
Effort, P=160N
Efficiency s =75% =0.75
Let W = Weight lifted

Velocity ratio of the third system of p ulley la given by equation (7.16 )
V.R.=2n§1=2401=15

MA = —=—
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- L 88
Efficiency is given by, s = 7 R
or 075 = — =
C W =0.75x 160 x 15= 1800 N. Ans.

7.9 SCREWACK

A screw -jack is a device used f or lifting heavy weight  or loads with the
help of a small effort applied at its handle. The followings are two types of
screw -jack :

(a) Simple screw -jack, and
(b) Differential screw -jack

7.9.1. Simple Screw -Jack.

Fig. 7.15 shows the simple screw -jack, which consists of a nut, a
screw with square threads and n handle fitted to the head of the screw. The
nut also forms the body of the jack

The load to be lifted is placed on the head of the screw. At the end of
the handle, fitted to the screw bead, an effort P is applied in the horizon tal
direction to lift the load W.

Let W = Weight placed on the screw head,
P = Effort applied at the end of the handle,
L = Length of handle,
p = Pitch of the screw,

a . K|

Screw ——| ]
head ( —I P(Power)

I A—Handle

Screw with
square threads

le——Nut

(Also body of jack)

Fig. 7.15 Simple screw -jack
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When the handle is rotated through one complete turn, the screw is
also rotated through one turn. Then the load is lifted by a height p (pitch of
screw).

Distance moved by effort for one turn of the handle
=2"L
Distance nibEefe d oby

vess Di stance noBlA®eddby

cu )

and mechanical ad vantage =—

C Efficiency, S = =

Problem 7.17. The efficiency of a screw-jack in 55 %, whe n a load of
1500 N is lifted by an effort applied at the end of a handle of length 50 cm.
determine the effort applied if the pitch of the screw thread is 1 cm.

Sol. Given:

Efficiency , s =55% = —=0.55
Load lifted, W = 1500 N

Length of handle L=50cm= 0.50m
Pitch of the screw, p=lcm =0.01lm
Let P = Effort applied

When the handle makes one complete turn, the load is lifted by a
distance equal to pitch of the screw

C Distance moved by load= p =.01m

Distance moved by effort =2L=2" x0.50m
. ~Distance ntoEefe d ol ¢ mdm_
G vess Distance ntoBlledd 8 = 314.16
Mechanical advantage, MA =—=——
Using equation (7.7), we get
88
S = = or0.55= ——
V. R. 8 8
P=————=8.68N. Ans.
8 8
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7.9.2. Differential Screw

Fig. 7.16 shows a differentia | screw -jack. The principle, on which this
machine work is the same as that of any other differential machine i.e.,
action of one part of the machine is subtracted from the action of another
part .

The differential screwisintwo parts, A and B. Part A is threated both
oninside and outside; whereas the part is threaded on the outside only. The
external thread of a pear with the threads of the nut C, which form the body
of the differential screw -Jack. The internal threads of A gear with the
external thread s of the screw B. Thusthe part A behaves as a scr ew for the
nut C and as a nut for the crew  B.

The crew B does not rotate, but moves in vertical direction only, and
carries the load. When the effort in applied at the lever, the crew . A rise up
and simult aneously the screw B goes down. Thus the net life of the load in
algebraic sum of the motion of  the crew A and sc rew B.

Let pi1 = Pitch of the screw A
p2 = Pitch of the screw B
| = Length of the lever arm
W = Load lined, and
P = Effort applied to liftth e lond, at the end of the lever.

W
!
|
|
ng ) ={

C‘ _—NutC
N

Fig. 7.16
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Consider one revolution of the lever arm.
¢ Distance moved by the effort=2  “|

Upward distance moved by

Downward distance moved by

Therefore the distance thro

ugh which the load is

Di st ance

A=p1

B =p2
lifted = p1 0 p2

ntoEede @ o b ¢ ©

C Ve s=
M.A = —
_ 88
=V R.
Problem 7.18.

effort required at the

Sol. Pitch of larger screw.
Pitch of smaller screw

Efficiency
Length of handle
Weight,
Let
Now,

and

or

or

Di st ance

In a differential screw
pitch of 10 mm and 7 mm. If the efficie
end of an arm 36 cm long to lift a load of 5 kN.

ntoBVAe a d

-jack, the screw threads have
ncy of the machine is 28%, find the

p1 =10 mm=1cm
p2 =7 mmO0.7 cm
s =28% =0.28
| =36 cm
W =5 KN =5000 N
P = Effort required to lift the load

¢ ¢l oog_

V.R. = 3 = 754
MA c = ——
__88
=V R.
028 = __ _8

P =23.7 N. Ans.
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STUDENT ACTIVITY

1. What is the law of a machine?

Applied Mechanics

2. What is a screw jack?
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SUMMARY

1. A machineisadev ice which is used for doing useful work. If the machine
is used for lifting loads, the machine is known as lifting machine

2. The work done on the machine is called input of the machine while the
work done by the machine is known as output of the machine. Th e ratio
of outputt o input is known as efficiency of the machine.

3. A machine is known as ide al machine if the e fficiency of the machine is
100%. In that case input is equal to output of the machine

4. Velocity ratio (V R.) is defined us the ratio between the distance moved
by the effort to the distance moved by the load.

5. Mechanical advantage is given as

6. Efficiency of machine in terms of M.A. and V.R is given as

88
=V R.

7. The law of a machine is give n by
P=mW +C

where P = Effort applied
W = Weight lifted
m = Slope of the straight line and equal to co -efficient
of friction
C = Constant

8. A screw -jack is a device used for lifting heavy weight or load s with the
help of a small effort applied at its handle.

9. Velocity ratio for a differential screw -jack is given by

VR = —2

where L = Length of lower arm
p1 = Pitch of screw A
p2 = Pitch of screw B.

10. The V. R. of wheel and axle is given by
V.R.= —

where D = Dia. of wheel and d = Dia. of axle.
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14.
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The V R. of differential wheel and axl e is given by

VR = —°

where D = Di a. of effort wheel
d, = Dia. of bigger axle
d, - Dia. of smaller axle.

The velocity ratio of a purchase crab winch i S given by
V.R.:Qx"—\éé For a single purchase <c
:Qx"ix"ié For a doubl e purchase

The V.R. of first system of pulley is given by, V.R. =2 n

where n = No. of movable pulleys inth e system.

The V.R. of the 2 nd system of pulley is given by V.R. = n
where n = No. of segments supporting the load or movable block
= always total number of pulleys in two blocks.

The velocity ratio of 3 ™ system of pulley is given by V.R.=2 " 381, where
n = No. of pulleys.

TEST YOURSELF

B

(A) Theoretical Problems

What is the difference between an actual machine and an ideal machine?

Define the efficiency of a machine. Derive an expression for efficiency of

a machine in terms of mechanical advantage and velocity ra tio.

Distinguish between velocity ratio and mechanical advantage. Under

what conditions are these two equal.

What is the law of a machine?

Choose the correct answers:

(i) Ifinamachine, velocity ratio is equal to mechanical advantage, then
the machine is

(a) Ideal (b) Actual
(c) Any one of the above (d) None of the above
[Ans. (a)]
(i) Ideal effort required to run a machine is
(a) More than actual effort (b) Less than actual effort
(c) Equal to actual effort (d) None of the above
[Ans. (b)]

(i) If the work is done by the machine in a reserve direction, the
machine is known as
(a) Irreversible (b) Self-looking
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(c) Reversible (d) None of the above
[Ans. (c)]
(iv) The law for an ideal machine is given by
@P=mw+C (b)) P=mW - C
(c)P=mW (dpP=C
[Ans. (c)]

What is a screw jack?

Define mechanical advantage, velocity ratio and efficiency. (S 061989)
Derive an expression for the velocity ratio for the following lifting
machines :

(a) Wheel and axle, and

(b) Dif ferential wheel and axle,

Distinguish clearly the difference betwe en the working of a single
purchase crab which and a double purchase crab winch.

What is a pulley? State the working of first system, second system and
third system of pulleys. Derive relati ons of their respective velocity
ration s.

(B) Numerical Problems

An effort of 50 N is applied to a machine to lift a load  of 450 N. The
distance moved by the effort is 2 .0 m. The load is raised through a
distance of 20 cm . Determine the mechanical advantag e, velocity ratio
and efficiency of the machine . [Ans. 9.0, 10.0, 90% |
The efficiency of a lifting machine is 70%. An effort of 100 N is applied
through a distance of 3 m to the lifting machine raise a load through a
distance of 30 cm. Determine : (i) Load lifted by the machine, ( i)
Mechanical advantage, and (iii)  Velocity ratio .
[Ans. (i) 700 N. (ii) 7.0, (iii) 10.0]
An effort of 40 N is applied to a machine to lift a load of 1800 N. The
distance moved by effort is 3.60 m and by the load the distanc e moved
in 6 cm. Determine: (i) Mechanical advantage of the machine, (a) Velocity
ratio of the machine, ( iii) Efficiency, and ( iv) Ideal effort required
[Ans. (i) 45, (ii) 60.0, (iii) s -75% and (iv) 30 N]
Find the law of a machine in which an eff ortof 1 1.6 Nraised aload of5 O
N and an effort of 17.6 N raised a load of 80 N. Find what effort is
requiredto lifftalo ad of 70N ? [Ans. P=0.2 W+ 1.6 ;15.6 N]
The velocity ratio of a machine is 10 and efficiency is 80%. Determine the
effort require d to lift a load of 100 N. What in the law of the machine'.
[Ans. 125N, P=0.1 W + 2.5]
A load of 40 00 N is to be lifted by a screw  -jack, having threads of 10 mm
pitch . The efficiency of the jack atthislo  ad is 40% . Determine the effort
applied at th e end of a handle of 60 cm length . [Ans. 26.5 N ]

. In a differential screw -jack, the screw -threads have pitch of 12 mm and

9 mm. If the efficiency of the machine is 30%, find the effort required at
the end of the arm40cmlongtoliftalo ad of 4 kN. [Ans. 15.9 KN]
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A weight of 460 N is to be raised by means of a wheel and axle. The axle
is 10 cm diameter and wheel is 40 cm diameter. If a force of 120 N has
to be applied to the wheel, find: (i) M.A., (i) V.R. and (iii ) efficiency of the
machine.

[Ans. (i) 3.83, (in) 4.0, (iii) 95.75%)]
For a differential wheel and axle, the diameter of the wheel is 24 cm. The
larger and smaller diameters of the differential axle are 8 cm and 7 cm
respectively. An effort of 320 N is applied to lift a lo ad of 8 KN. Determin e:
(i) velocity ratio, (ii) mechanical advantage, and (i i) efficiency of this

machine . [Ans. (i) 48, (ii) 25 and (iii) 62.0846]
The followings are th e specifications of a single purchase crab

Diameter of load drum =20cm

Length of lever =120cm

No. of teeth on pinion =10

No. of teeth on spur wheel =100.
Find the velocity ratio of the machine. On this machine efforts of 100 N
and 160 N are required to lift loads of 3 kN and 9 kN respectively. Find
the law of the machine and the efficiencie s at the above loads.

[Ans. 120, P=0.01 W +7, s =75%]
In a double purchase crab, the pinions have 16 and 20 teeth, while the
spur wheels have 45 and 40 teeth. The effort handle is 40 cm long while
the effective diameter of the drumis1l 5 cm.If the efficiencies of the winch
is 40%, what lo ad will be lifted by an effort of 250 N applied at the end
of the handle . [Ans. 3.2 kN]
In a first system of pulleys there are four movable pulleys. If an effort of
100 N lifts a load of 1360 N, find : (a) effort wasted in friction, (b) the load
wasted in friction . [Ans. (a) 15 N. (6) 240 N]
In a second system of pulleys there are three pulleys in the upper block
and two pulleys in the lower block. If the efficiency of the pulley system
is 75%, find the effort required to lift a load of 1000 N

[Ans. 266.67 N]

There are 4 pulleys arranged in the third system of pulleys. Find the
effort required to lift a load of 1.8 kN, if the efficiency of the machine is
75%. [Ans. 1.6 kN]
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